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Abstract

We extend the QCD sum rule analysis of the form factor Fyeye_pic(g?, g3) into the region
of small virtuality of one of the photons: |¢?| € 1 GeV'|g}| ~ 1 GeV?, where one should
perform more precisely an OPE to factorize large and small distance contributions. As a first
step the form factor is investigated in the region of moderate virtualities: ¢} ~ ¢ ~ —1GeV?
and the full (0|G5,G%,[0), (0|4{0)? corrections in the sum rule are obtained. It is shown
that the infrared mass singularities are subtracted in the corresponding OPE for essentially
nonsymmetric kinematics due to the operators of lowest two twists. On a simple scalar
example the most important steps of the further calculations are demonstrated.
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1 Introduction

The studies of the transition form factor for the process v*v* — 7° when two virtual photons
7* produce a neutral pion is apparently the cleanest case for testing QCD predictions for elastic
processes. In contrast with the pion electromagnetic form factor, the perturbative QCD subprocess
7*(q1) +7*(g2) — §(Zp)+ q(zp) appears at the zeroth order in the QCD coupling constant a,, and
the asymptotically leading term has no suppression. The relevant diagram resembles the handbag
diagram for forward virtual Compton amplitude used in the studies of deep inelastic scattering.
This gives good reasons to expect that perturbative QCD for this process may work at accessible
values of spacelike photon virtualities ¢f = —¢?,¢2 = —Q?. In the lowest order, pQCD predicts
that [1]
47 1 (T

F,fi?ymu(qzan) =3/ __—_mQ(P? -(I- .3‘:(12 dz, (1.1)
where ¢,(z) is the pion distribution amplitude and z,Z = 1 — z are the fractions of the pion
light-cone momentum carried by the quarks. In the region where both photon virtualities are
large: ¢* ~ Q%2 1GeV?, the pQCD predicts the overall 1/Q? fall-off of the form factor, which
contrasts with the naive vector meson dominance expectation F,.,.r0(q% Q%) ~ 1/¢2Q* ~ 1/Q*.
Thus, establishing the 1/Q? power law in this region is a crucial test of pQCD for this process.
The study of F,».+,0(g?, Q%) over a wide range of the ratio ¢2/Q? of two large photon virtualities
can then provide a nontrivial information about the shape of ¢, (z).

However, experimentally most favourable situation is when one of the photons is real ¢> = 0 or
almost real. For experiments on e*e~-machines having one small virtuality strongly increases the
cross section. It was also proposed to use real photons to study the 7° production in e collisions
[2]. On fixed-target accelerators, like CEBAF, one can attempt to study the Fyoeno(g® = 0,Q%)
form factor through y*7* — 7 processes (3] with a photon in the final state. In the ¢> — 0
limit (with @? large), the nonperturbative information about the pion is accumulated in the same
integral I of ¢,(z)/z that appears in the asymptotic pQCD expression for the one-gluon exchange
contribution for the pion electromagnetic form factor. Hence, information extracted from the
studies of Fye er(g? = 0,Q?) can be.used to settle the bounds on the pQCD hard contribution to
the pion EM form factor.

Since the zeroth moment of the pion distribution function is normalized by the matrix element
of the axial current (i.e., by the pion decay constant f,), the value of I is sensitive to the shape
of the pion distribution amplitude ¢,(z). Two most popular choices include the asymptotic form
@y’ () = 6 frz(1 — ) [4]-[6] and the CZ model ©$%(z) = 30f,2(1 — 2)(1 — 2z)? [7]. Using ©S%(z)
increases the integral by an extra factor of 5/3 compared to the value based on ¢%(z). This
observation can be used for an experimental discrimination between these two models. In fact,
both the CELLO data [8] and preliminary high-Q? CLEO data [9] seem to favour the leading-order
pQCD prediction with the normalization corresponding to a rather narrow distribution amplitude
close to p3*(z). To perform a detailed comparison of the (future) data with theoretical predictions,
one should take into account pQCD radiative corrections. These include the one-loop contributions
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to the hard scattering amplitude [11, 12], which, decreasing the leading-order result by about 20%,
still leave a sizable gap between the predictions based on two models mentioned above. One should
also add the terms generated by two-loop evolution of the pion distribution amplitude [13, 14, 15].
Originally, these corrections were found to be tiny [12]. A recent progress [16] in understanding
the structure of the two-loop evolution suggests that the size of these corrections maybe somewhat
larger. However, the numerical analysis of the two-loop evolution presented in ref.[17] does not
indicate appreciable changes for the integral over the distribution amplitude. Hence, there are good
chances that the controversial subject of the shape of ¢r(z) may soon be settled experimentally.

Within the pQCD approach, the pion distribution amplitude ¢.(z) is a phenomenological
model function whose shape should be taken either from experiment (this was not possible so far)
or calculated in some nonperturbative approach, e.g., using QCD sum rules. However, applications
of the QCD sum rules to nonlocal hadronic characteristics (functions), like distribution amplitudes
@(x) are much more involved than those for the simpler classic cases [18] of hadronic masses and
decay widths. The trickiest problem is that the underlying operator product expansion (OPE) for
the relevant correlators has a slow convergence because some terms are parametrically enhanced,
e.g., by powers of N for the ¥ moment of the distribution amplitude [7]. For this reason, one needs
a very detailed information about the nonperturbative QCD vacuum to get a reliable sum rule.
Such.information is not available yet, and results for ¢(z), have strong model dependence[19]. In
the present paper, instead of starting with the pQCD approach and taking ¢, (z) from QCD sum
rules; we calculate F.r0(g? = 0, Q?) directly from a QCD sum rule for the three-point function.
A serious problem for such an attempt is that one of the photons has a small virtuality and
the relevant three-point amplitude is sensitive to nonperturbative long-distance QCD dynamics.
For this reason, as an intermediate step we construct a QCD sum rule for a simpler kinematical
situation when both photon virtualities are large. To take the ¢ — 0 limit, we perform additional
factorization using the methods developed in refs.[20]-{26].

The paper is organized as follows. In Section 2 we introduce our basic object: the correlator
of two vector and one axial current, discuss its behaviour in different kinematical situations and
interrelation between QCD sum rules and pQCD approaches. The situation when both photon
virtualities are large is considered in Section 3. We construct there the QCD sum rule valid
in this “large-¢*” kinematics and analyze its structure and some limiting cases. In Section 4,
we outline specific problems one faces trying to use the operator product expansion in the limit
when one of the photon virtualities is small (small-¢? kinematics). The basic features of mass
singularities, which appear in this limit, are illustrated using a scalar model as a toy example.
The methods developed there are then used in Section 5 to construct a factorization procedure of
long- and short-distance contributions in QCD. The long-distance contributions in this case have
the structure of bilocal correlators which are considered in Section 6. In particular, we discuss there
the continuum and p-meson contributions into the bilocal correlators. In Section 7, we discuss
contact terms which appear in some bilocals. In section 8, we collect together the contributions
calculated in preceding sections and write down the QCD sum rule for the F. . ., 0(g% Q?) form
factor valid in small-¢? kinematics. We discuss the limit ¢> — 0 and present our results for



Frupero(g® = 0,Q%). In the concluding section we summarize our findings. Some technical details
of our calculations can be found in the Appendix.

2  Form factor v*y* — 7 and three-point function

2.1 Definitions

The form factor Fiyye_,ro (g2, ¢2) of the 4*4* — =° transition is determined by the matrix element
4 [(r, B 1T {1(X) J(0)} 0)e™ XX = Viityuung, Fyeye o (a2, 63) (2.1)

where J,, is the electromagnetic current of the light quarks (divided by the electron charge):
2 _ L
Jy = (§u7ﬂu — Z),—d'y“d) , (2.2)

|, 5) i3 a one-pion state with the 4-momentum p and we use throughout the convention €,,.5¢> =
€uvager Epvafli 92 = €uuqy gy, EEC

To study the form factor, we should construct first a formalism in which the pion would emerge
as a QCD bound state in the §q system. A possible way is to start with a three-point correlation
function

Fap1,02) = 203 [(OIT {55(Y) Ju(X) ()} [0)e~ X ¥ aixX dt (23)

(cf. [27]) where p = ¢; + ¢2. In addition to the two EM currents present in eq.(2.1), the correlator
(2.3) contains also the axial current j3

7= (ﬁmau - vaad) : (2.4)

The latter has the necessary property that its projection onto the neutral pion state is non-zero.
In fact, this projection is proportional to the #~ — uv decay constant f, ~ 130.7 MeV:

(01j2(0)17°. P) = ~i V2 fepa. (2.5)

The three-point correlator (2.3) has a richer Lorentz structure than the original amplitude
(2.1), and not all the tensor structures it contains are relevant to our study of Foeye_,o(¢?, ¢2).
Incorporating the Lorentz invariance properties of the three-point function and Bose symmetry
for the virtual photons, one can write the amplitude F,,, as

fa;w(‘llsq2) = Paﬁuvnn}-l (PJ-Qf, qz) + rafuuqmz-Al (st‘ﬁ1 q%)

+ [€anq1aa @ty — €avgs 22| Fa (PQ,(va%z) + ltaunnta — Cavgga sl Fs (Pzan,qg)

+ [50#‘1142'71” + eavg:?z‘h#] Az (pz, ‘va qg) + LF, rwna o + Eavqmquu] As p2a l}'f, qg)
2 2 P2 7'2

+ fauup [_2_& + ?AS + (Pr)j:fi] E)

+€oq.wr [%ftl + %-7:5 + (pr)Aﬂ




where p = q1 + q2, * = @1 — 2. The invariant amplitudes F, A have the following symmetry
properties: 7 (p’,4i,93) = Fi(p%, 43, 4}), Ai (P%. 0%, ¢}) = —Ai (p*, ¢2, ¢2).

Utilizing the fact that, in a four-dimensional space-time, there is no antisymmetric tensor of
rank 5, i.e.,

Copry Jbe + Epims Gae + €ovsa Gue + Eysau Jue + Csapy Gye = 0, (26)

and using the conditions ¢f Fou, = ¢§Fau = 0 imposed by the EM current conservation, we get
finally the expansion in terms of four invariant amplitudes:

Fapu(q11q2) = Cuuqign [p0F+r°’A]

+ [qzufauq:qz - qln‘-avqlqz] F + [9'2vfa#q1qrz + Q'I.uf-cquqz] A (2.7)
2 2 2 2
PP+~ (pr)« (pr) &= PP 4+r? =
+ Copvr 4 F 9 A] + Coprp [ 9 F + 4 Al .

According to egs. (2.1), (2.5), the three-point amplitude F,,.(q:,gz) has a pole for p? = m?

[/
fauv(‘?l,?‘z) = mpaﬁymn qZF'Y"T""‘"ro (qf, qg) + P (2.8)
k.4

Thus, the tensor structure of the pion contribution is py€,iq,q,- In €q.(2.7), it corresponds to the
invariant amplitude F (gf, g3, p*). In other words, F (g}, ¢, p?) has the pole 1/(p? — m?), and the
form factor Fys_.re (¢3,45) can be extracted from the residue of that pole.

However, the problem is that the bound state poles are present only in full amplitudes, formally
corresponding to the total sums over all orders of perturbation theory (in QCD one should not
forget to add also nonperturbative contributions). Terms corresponding to any finite order do not
have such poles. Fortunately, it is not always necessary to perform an explicit all-order summation
(impossible in QCD) to extract information about a particular bound state.

2.2 Implications of the axial anomaly

Using the axial anomaly [28] relation for massless quarks
-5 62 v
aa]a = 1676#,,”1?# F?e (29)

we obtain the constraint

- .1
PF— (G +@)F+ (¢ -)(A+A) = — (2.10)

For real photons (g§ = ¢ = 0), this reduces to p*F = 1, provided that F and (A + A) do not
have 1/¢? or 1/43 singularities, which is true if there are no massless Gq bound states in the vector
channel. Hence, F' ~ 1/p? for real photons, i.e., F really has a pole corresponding to a massless
pion [29, 30]. Furthermore, the anomaly relation (2.10) fixes the value of the Fyeye_,o(q?,q2)
form factor when both virtualities of the photons are zero :

1

F’T"T-—'WO(O’O) = ‘n’f .

(2.11)
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Figure 1: a) Three-point correlation function. &) Structure of factorization in the limit
Q% ¢* > |pY.

It should be emphasized that the anomaly relation does not require that Fle,s_ (0, @?) has this
value for all Q*: eq.(2.10) can be satisfied even if Fyeye_.ro(0,Q?) has a nontrivial Q*-dependence.
Thus, the axial anomaly allows one to calculate exactly one particular combination of invari-
ant amplitudes (2.10) for arbitrary values of the virtualities ¢7,¢%,p?. In QCD, this is a rather
exceptional situation. Normally, a reliable QCD calculation is possible only in the region of large
virtualities where one can incorporate the asymptotic freedom property of the theory.

2.3 Factorizable contributions and perturbative QCD

If both of the photon virtualities are large, the leading term of the 1/¢%-expansion of any diagram
contributing to the amplitude F' can be written in the factorized form (cf. (31, 32]):

F(p’,q},q2) ~ fC(E,n,ql,qz)H(E,n,p)d"ﬁd‘n, (2.12)

where C(£,7,q1,¢2) is the short-distance coefficient function and II(¢,7,p) is the long-distance
factor given by a particular term of the PT expansion for the correlator of the axial current with
a composite operator O(£,n) ~ g(€)...q(n)

[ 7,0) ~ [(OIT(O(€, mi(Y))[0) ¥ Y. (2.13)

The correlator H‘(f,“i],p) is formally given by a sum over all orders of PT, and it also has a pole
for p? = m2:

H(§1 U;P) = ng

— 2
my

(0lO(¢, n)|x°, B) . (2.14)
Comparing eqs. (2.14) and (2.8), we conclude that the transition form factor is given by

Frrens(af,3) = [ C(&1, 01,0010, )[x°, B) ey . (2.15)
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Figure 2: a) Lowest-order pQCD term. b) Hard gluon exchange diagram.

Thus, the possibility to factorize short- and long-distance contributions allows one to get an explicit
expression for the form factor of a bound state, the pion, without explicitly obtaining the pion
pole from a summation or a bound-state formalism.

Now, introducing the distribution amplitude @, (z)

ey 1 . .
010, mIn, 7y = [ eer+stmy, (a)dz (2.16)

where Z = 1 — z, we obtains the hard scattering formula

1 .
F‘y"r'—m"’(qfs qz) = ./(; T(Qh qz; 2P, jp) LPi'l'(x) dz , (217)

with T'(q1, g2; Tp, Zp) being the amplitude for the subprocess v*v* — gq.

2.4 Perturbative QCD predictions

Calculating the subprocess amplitude in the lowest order one gets the result

Ar 1 pa(x)
FLO 2 Ny = 2% .

(q ’Q ) 3 0 qu + EQ2 dx! (2 18)
which was already discussed in the Introduction. For definiteness, from now on we will adhere to
the convention that ¢* is the smaller of two virtualities: ¢> < @*. The leading-order pQCD formula
has a smooth limit when ¢? — 0, predicting that the asymptotic behaviour of the 44* — #9 form
factor is [1]:

FRo(@) =T [ das+001/QY). (2.19)

The z™-moments of the pion distribution amplitude w,(z) are given by the matrix elements of the
twist-2 composite operators gys{v*D" ... D" }q. Furthermore, the contributions to F,f,?.inD(Qz)
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from the higher twist two-body operators gy;{D* ... D*»}q and §vyso**D* ... D*nq, which are
potentially dangerous due to large magnitude O(m2/(my + mg)) of their matrix elements [6, 33]
are proportional to the light quark masses, and their net input is suppressed by O(m?/Q?) factor
for large Q*. Hence, one should not expect unusually large (1/Q*)" corrections to the leading
twist term (2.19).

In the first order in ,(Q?), there is another factorizable contribution corresponding to a
subprocess in which the real photon first dissociates into a quark-antiquark pair (the relevant
amplitude can be called the photon distribution amplitude ¢,(y)). The Gg-pair then interacts
with the virtual photon to produce the final state quark-antiquark pair converting eventually into
the pion. This contribution is analogous to the pQCD hard scattering term for the pion form
factor. However, in our case, such a subprocess is realized only at the next-to-leading twist level:

107 ~ (@) [ 2 2 Q4 e)enl2) 4, 1 o1/q8) (2.20)

i.e., this term is suppressed both by O(e,/7) and O(1/@Q?) factors compared to the leading-order
term (2.19). Perturbative QCD corrections to eq.(2.19) are known {10]-[12] and they are under
control. Hence, the process vy* — #° provides the cleanest test of pQCD for exclusive processes.

2.5. Wave-function dependence and Brodsky-Lepage interpolation
formula

To fix the absolute magnitude of the leading-order pQCD prediction (2.19), one should know the
value of the integral
| _ 1V pa(a)
I_Efﬂ s, (2.21)

which depends on the shape of the pion distribution amplitude ¢,(x). In particular, using the
asymptotic form[4]-[6]

P2 (z) = 6frz(1 — 2), (2.22)
one obtains I** = 3 resulting in the absolute prediction for the asymptotic behaviour of the
Fryero (@?) form factor [1]

dr f.
(@) =
On the other hand, if one uses the CZ-amplitude, the value of the integral I increases: /% = 5,
and experimental da._ta can, in principle, discriminate between these two possibilities. Of course,
the asymptotic 1/Q*-dependence cannot be a true behaviour of F..0(Q?) for all Q*values: it
should be somehow modified in the low-Q? region to comply with the bound on F.,,+.(Q?) in
the @? = 0 limit imposed by the anomaly relation (2.11). Brodsky and Lepage [34] proposed the
interpolation formula

+ 0(1/QY). (2.23)

1

Tfr (1 + ﬁ%)

8

FRETQY =

(2.24)



which reproduces both the Q% = 0 value (2.11) and the high-Q* asymptotics (2.23) dictated by
the asymptotic form of the distribution amplitude (2.22). According to refs.[8, 9], this formula
agrees with the experimental data?. On the other hand, the curve based on the formula

C‘Z(mt) 2 1
Q) = o (L4 22) (2.25)

interpolating between the @ = 0 value and the CZ-normalized high-Q? prediction, is far from
existing data points.

2.6 Pion wave function and QCD sum rules

From the theoretical side, there are also doubts [19, 36] that QCD sum rules really require that
the pion distribution function has the CZ shape. In particular, the QCD sum rule calculation of
¢r(x) at the middle point £ = 1/2 performed in ref. [36] produced the value ¢,(1/2) = 1.2 f,,
to be compared with ©2*(1/2) = 1.5 f, and p¢%(1/2) = 0. In ref. [19}, it was pointed out that
keeping in the OPE the lowest condensates only does not provide information necessary for a
reliable determination of the pion distribution amplitude. This is especially clear if one writes the
CZ sam rule directly for p,(z)

2 ¥

4

3M?
= f,rtp,;(-”ﬁ) =

2n2

a,(GG’)
24w M?

{11[8(z) + 6(1 — z)] + 2[8'(z) + &'(1 — 2)]}.  (2.26)

(1 — e */™M)g(1 —z)+

8 ma(qq)
81

i 8(z) +6(1 - z)]

As emphasized in [19], it is the é-function terms here which are crucial in generating a humpy
form for ©¢?(z). Adding higher condensates, e.g., (§D?q), one would get even higher derivatives
of §(z) and §(1 — z). All the subseries of such singular terms can be treated as an expansion of
some finite-width functions related to nonlocal condensates. The sum rule based on a model for
the nonlocal condensates consistent with the earlier estimates for (§D%q) [37] reduces the values of
the lowest nontrivial moments of ¢, (z) bringing them very close to those for the asymptotic form
(2.22). As a result, the model distribution amplitude constructed in [19] gives I ~ 3. One can also
try to construct a QCD sum rule directly for the integral I. However, it is clear that such a sum
rule cannot be derived by a simple substitution of the original CZ sum rule into the integral (2.21),
because of singularities generated by the 6(z)/z and é'(z)/x terms. The singularities disappear if
one uses the nonlocal condensates in the sum rule for o, (z) [38], and the resulting value for I is
close to 3.

A more radical way is to consider the sum rule for the original amplitude as a whole, without
approximating it by the first term of the pQCD expansion. As we will see, the singularities
mentioned above will appear then as power (1/¢%)" infrared singularities in the relevant operator
product expansion (OPE). However, these singularities are caused by a formal extension of the

21t also agrees with the curve obtained from a constituent quark model calculation by Ito, Buck and Gross [35].
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OPE formulas from the large ¢* region where they are valid, into the small-¢? region, where the
OPE breaks down. In fact, the OPE should be modified in the small-¢? region. Such a modification
is equivalent to the regularization of the infrared singularities. Qur goal in the present paper is to
construct a QCD sum rule for the transition form factor valid in the region of small ¢2.

2.7 TUnfactorizable contributions and QCD sum rules

If the photon virtualities are not very large, then it is normally impossible to factorize the p?-
dependence of the diagrams contributing to the three-point amplitude F (p?, ¢, ¢2) into separate
factors one of which will produce the pion pole. We know, of course, that the full amplitude
F (p?, 47, ¢3) must have the pion pole, but it is unclear how much a particular finite-order diagram
contributes to such a pole.

To display the pole structure of F (p?, ¢?, ¢2), it is convenient to use the dispersion relation for
the three-point amplitude:

F(p ql,q2 / pls ql,qg ds + “subtractions”. (2.27)

The pion contribution to the spectral denmty is proportional to the Fyeye_yo form factor:
p (s,qf,q%) = T frb(5 — M) Fyeye_no (qf,qg) + “higher states”, (2.28)

but any approximation for F (p?, ¢?, ¢7) obtained from a PT expansion, gives information not only
about the pion, but also about the higher states. So, there are two problems. First, we should
arrange a reliable PT expansion for F (p?,¢f,¢3). The only way is to take p? spacelike and large
enough to produce a reasonbly converging OPE. The second problem is that when p? is large, the
pion contribition does not overwhelmingly dominate the dispersion integral and, to disentangle it,
one should subtract the contribution due to the higher states. Though the contribution of a state
located at s = m? is suppressed by the —p?/(m? — p?)-factor compared to that of a state at s = 0,
the relative suppression of higher states disappears as —p? tends to infinity.

The higher states include A, and higher pseudovector resonances which presumably become
broader and broader, with their sum rapidly approaching the pQCD spectral density. So, the
simplest model is to approximate all the higher states, including the A;, by the spectral density
77 (s,q?, ¢2) calculated in perturbation theory:

pmrd( ’QI!'h) - Wf‘l'l’ ( ) Ayt —eno (qhq?) + 9(3 - 30) PT(S, qf? qg) (229)

where the parameter s, is the effective threshold for the higher states.

The smaller p?, the bigger relative contribution of the lowest state. Hence, the strategy is to
take the smallest possible p* within the region where the 1/p? expansion is still legitimate. In
fact, it is more convenient to use the faster decreasing exponential weight exp[—s/M?)] instead of
1/(s — p*). This is achieved by applying to F(q?,¢3,p?) the SVZ-Borel transformation [18]:

. 1 foo
B(p® = M*)F(q},45,9") = ®(q}, 43, M) = NMQfO ™™ p(s,43,43) ds. (2.30)
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Another merit of the SVZ-Borel transformation is that using it one gets a factorially improved
OPE power series: 1/(—p*)N — (1/M*)N /(N —1)\.

In a sense, the QCD sum rules can be treated as a method of extracting information about
the lowest state from the behaviour of F(¢?,42,p?) in the large-p® region. To comstruct a QCD
sum rule, one should calculate the SVZ transform ®(q?, ¢, M?) as a power expansion in 1/M? for
large M?. To this end, one should calculate first the three-point function 7T'(p?, ¢%, @?) as a power
expansion in 1/p? for large p*. However, a particular form of the 1/p? expansion depends on the
interrelation between the values of the photon virtualities ¢° and Q2.

The simplest case is when both virtualities are sufficiently large and similar in magnitude:
Q% ~ ¢* ~ —p? > u?, where u is a typical hadronic scale u? ~ 1 GeV?. This case will be referred
to as the “large-¢?” kinematics. Then all power-behaved (1/M?)" contributions correspond to
the situation when all the currents J,(X), J,(0) and j3(Y') are close to each other, i.e., all the
intervals X2,Y? (X —Y)? are small.

A more complicated case is when ¢? is small ¢ <« u?, while Q? is still large: Q? > u? .
In this case, to be referred to as “small-¢*” kinematics, one should also take into account the
configuration when the electromagnetic current J,(X) related to the g-photon is far away from
two other currents, i.e., there is a possibility of long-distance propagation in the ¢-channel. In the
limit-g> — 0, such a propagation is respousible for the mass singularities (1/¢%, In(¢?), ete.) in the
Feynman diagrams contributing to the three-point amplitude.

*
3 QCD sum rules for the F...0(Q?%¢?) form factor in
large-¢°> kinematics

Let us consider first the simpler case, when both Q? and ¢ are large. In this situation, it is
sometimes convenient to introduce another set of variables: average virtuality Q* = (Q? + ¢%)/2
and the asymmetry parameter w = (Q? — ¢%)/(Q° + ¢%).

3.1 Lowest-order perturbative term

The starting point of the operator expansion is the perturbative triangle graph (fig.3a). Its
contribution contains almost all types of the tensor structures present in eq. (2.7). Extracting the
F part and using the Feynman parameterization we get:

), 2 n Iz 3
FP(q, Q% p") = = /0 1£2 5(1 -3 2:) derdeades . (3.1)

[¢?z123 + Q¥x323 — PPz 1)) =1

In this representation, it is straightforward to apply the SVZ-Borel transformation to get

2 1 qz:cl.r; + 03]7213 3
(I)PT 2 2 2\ i . .
(q Q4 M ) = M -/.; exp{— oM 6(1 - ; 1 :.:,) dridz.dzs (3 2)
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Comparing this representation with the definition of the SVZ transform (2.30), we can immediately
write down the formula for the perturbative spectral density p"7(s, ¢2, Q?):

1 2 2 3
PT(S,q2, Q2) = 2./; 5 (3 . q°r1z3 + Q 3233) 6(1 _ Z:ﬂ,) d.‘rldwgd{ts. (33)

I1T2 i=1

Scaling the integration variables: z; + z; = y, 22 = 2y, #; = (1l — z)y = #y and taking trivial
integrals over =3 and y, we get

28(2Q” + 2¢*)°
o [sxZ + zQ? + z¢??

FT(Sv qz, Qz) = (34)

or, in terms of % and w:

z2QY(1 + w(z — £))?
PT(3,q% Q%) _2/ = (z—2) - dz. (3.5)
[s22 + Q2(1 + w(z — 2))]
It should be noted that the variable z in the integrals above is the light-cone fraction of the total
pion momentum p carried by one of the quarks.

A very simple result for p™7*(s, g%, Q?) appears when ¢% = 0:
Q?
(s + Q%)%

As @ tends to zero, the spectral density p7™"™*(s,¢q> = 0,Q?) becomes narrower and higher
converting into 6(s) in the @? — 0 limit [29]:

pquark(s, q2 — 0, Q2) = (36)

P (s,q7 = 0, Q% = 0) = &(s). (3.7)

Thus, the perturbative triangle diagram “tells us” that, for @* = 0, two photons can produce only
a single massless pseudoscalar state, and there are no other states in the spectrum of the final
hadrons. As Q? increases, the spectral function broadens, i.e., higher states can also be produced.

3.2 Gluon condensate corrections

When the Borel parameter M? (or the probing virtuality —p?) decreases, both perturbative (loga-
rithmic or O(a,) ) and nonperturbative (power or O(1/p?)) corrections come into play. As argued
by SVZ [18], the power corrections proportional to quark and gluon condensates: (0[v(0)’,
{0|G%,G5, |0, ete., are much more important than the higher order perturbative corrections. In
many cases, the latter can safely be neglected.

The lowest-order diagrams proportional to the gluon condensate are shown in fig.36-g. They
take into account the fact that propagating through the QCD vacuum, quarks interact with
the nonperturbative gluon fluctuations which can be treated as a background field. The most
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d) e) f) g)

Figure 3: a) Lowest-order perturbative contribution. b) — g) Gluon condensate corrections.

straightforward way to calculate these diagrams is to take quark propagators in the coordinate
representation using the Fock-Schwinger gauge z,A,(z) = 0 for the background field A,(z):

A 1 A, x
S(X Y)= 27,.2‘54 T 8r2 'A_gGa.G(O)’Yﬁ’Ys
A —Y. 1 A ty? XY
+ 4 2A4 PX GP#(O) 192 2A4(X Y _( ) )GﬁX(O)Gﬂx(O) - ' (3'8)

Here A= X —Y and Gop = €appsGoo. Using this expression for each quark propagator of the
original triangle diagram and retaining the O{(GG) terms, one obtains all the diagrams of fig.3b—g.
In particular, one can immediately see that contributions 3d and 3e vanish due to our choice of
the coordinate origin at the axial current vertex (such a choice, in which the two photons are
treated symmetrically, is more convenient in this calculation than that implied by our original
definition (2.3)). The remaining diagrams 3b, ¢, f, g are easily calculated in the coordinate repre-
sentation. After performmg the Fourier transformation to the momentum space, we extract the
tensor structure oorreepondmg to the F form factor and then apply the SVZ-Borel transformation
to the relevant coptribution F (GG} (¢%, @2, p*). The final result for the sum of the O(GQ) diagrams
reads:

G (g%, Q% M?) = —”2(——“’GG) ! + 1 __1
9 'y IMAQ? T 2M4q2  M2Q%g?
72 a, 1 1 1
=3{7 o0 (c‘jzw B cjwz) 1 —w? (3.9)
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Figure 4: Quark condensate corrections involving “soft” gluons.

3.3 Quark condensate corrections

For massless u- and d-quarks, the quark condensate contribution starts with terms proportional
to (0[¢gT¢qlq|0). Using the usual vacuum dominance hypothesis [18], these can be reduced to
{0]gq|0)®. There are two types of diagrams producing the (0|gg|0)* contibutions.

First, there are diagrams shown in fig.4a-1 (sometimes called the soft gluon diagrams) cor-
responding to local operators of gDDDgq, ¢GDq and §DGq type, with the covariant derivatives
DDD, and the GD, DG factors producing an extra §q term by equations of motion.

The diagrams shown i fig.5a—r (and corresponding to a hard gluon exchange) give the (0|gq|0)
structure directly . However, only the diagrams 3a-d contribute to the form factor F. The total
0({g9)*) contribution to the borelized amphtude 1s

' ~ 12
H<a>? _ 64r%a, (qq) ! 9_2_ + _9._ + _?.... + i + __9_ + __9...._
243 M? Mgt 20 2QF Q) Q% T Q4P
2 2 11 — 3 2
_ Grtaige) (11—-3w%  18) 1 (3.10)
243M? QM+t Q5/ (1 —w?)?







3.4 QCD sum rule

Combining now eqs.(2.29), (2.30), (3.4), (3.9) and (3.10), we obtain the QCD sum rule for the F
form factor valid in the region where both virtualities of the photons are large

zZ(zQ? +
T fx ’V"f‘n’“(q Qz)_2f dse~*M* ( Q +$Q)

[szz + zQ? + z¢*)? dz
T:(QSGG) (2M12Q2 + 211;2 - Qi 2)
i (57 e + 5 2+ ]+ s+ i) (310
or, in terms of the variables §? and w:
Frrr=eeld Q) = vrf«{ fraene [ [s;mf Zzi Tf(j(_ x)a)-cm?'
+ 5660 (g - ) o
+ %Waas(w)z (% + g) (ill_wz)?} (3.12)

In particular, taking the exactly symmetric kinematics, when w = 0 and ¢* = Q?, we obtain the
sum rule

Fropeoro(@2,Q%) = Trf,,{ f dse_’/M2f dr zz Q°

[szz+Q2]3
T O, 1
+ 9<WGG)(Q2M2_Q“)
+ %w3as(dq)2 (Qzl;J4 + é?_ss)} (3.13)

derived in ref.[27].

3.5 Q? — oo limit and transition to perturbative QCD
In the limit Q* — oo with w fixed, €q.(3.12) reproduces the sum rule

Fropero((1 = )%, (1 + w)3?)

- 1 2M2 a0/ M? 1 I.‘l_:dx
B f«@z{ ¥ (1~e )/o (1 +w(z — 7)) (3:.14)
m a, 64 (11 —3w?)
"o —wz)(?GG) T Sa3ME 1 — ot 90 }

obtained by Gorsky [39], who calculated the leading 1/Q? contribution only
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To make a connection with the perturbative QCD approach, it is instructive to rewrite eq.(3.14)
as

Freqrro((1 — @)%, (1 + w)@?)

_ 4r 1 dr 3M2 _ e__,o/M2 T
- 3fo”/0 (1 +w(z - 2)) {w . )
1 | a, -
+5m (- GONE(=) + 8(2)] (3.15)

+ 8187”%(@)2 (11[5(1) + 6(2)1 + 2[6'(z) + 5'(5)])} '

Note, that the expression in large curly brackets coincides with the QCD sum rule (2.26)
for frox(z). Hence, in the large-@? limit, the QCD sum rule (3.16) exactly reproduces the
perturbative QCD result

Foyeno o ((1 —w)@?, (1 +w)Q2) = 3452 /01 (

wr(z)dz
1+w(z—2))

(3.16)

4 Operator product expansion in small-¢*> kinematics

In the nonsymmetric kinematics ¢> < Q% ~ 1 GeV?, it is more convenient to use the “old”
variables ¢* = —¢? and Q? = —¢? instead of w and Q.

4.1 General features of the small-¢> kinematics

Incorporating a general analysis of the asymptotic behaviour of Feynman diagrams (see Appendix
A and [31, 32]), one can show that, in the small-¢? kinematics, there are two different regions of
integration capable of producing a contribution to the correlator (see fig.6), which behaves like an
inverse power of p?. The first one is the purely short-distance region corresponding to a situation
when all three currents are separated by short intervals, i.e., all the intervals X2, Y?, (X — Y)?
are small. The second region corresponds to another short distance regime, in which the vertex

9

Figure 6: Configurations responsible for the power-behaved contributions.
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Figure 7: Separation of SD- and B-contributions for perturbative diagrams and gluon condensate
corrections.

B9
X related to the small virtuality photon is separated by a long interval from two other currents
(this means that Y2 is small, but X? and (X — Y)? are large). This is illustrated by fig.6, where
6a shows the full correlator F.,.(¢1, q2), whereas figs.6b, c represent the two possibilities of getting
the power-law contributions.

In fig.6c, the long distance contribution (the dashed blob) is given by a two-point (bilocal)
correlator TI(g) of the electromagnetic current J, and some composite operator ¢ of quark and
gluon fields, the latter represented by ®. At low ¢?, the correlator II{q) cannot be calculated in
perturbation theory. The standard strategy is to model this nonperturbative object by the “first
resonance plus continuum” ansatz, with the parameters of the spectrum determined from a QCD
sum rule for such a correlator. In other words, one should calculate II(q) at large ¢® using the
OPE, then extract, in a standard way, the parameters of the model spectrum in the ¢-channel
and, finally, use the model spectral density in a dispersion relation for II{(¢) to obtain II{q) at
small ¢Z.

On the diagrammatic level, the factorization procedure should be applied for each contributing
diagram: the lowest-order triangle graph (Fig. 7a,b, c), gluon-condensate graphs (Fig. 7d, e, f),
etc. In this way, each diagram is represented as the sum of its purely short-distance (SD) and
bilocal (B) parts, the latter obtained through the relevant contribution into the operator product
expansion for J,(Y) 52(0). In fact, it is more convenient to define the SD-part of a diagram as the
difference between the original unfactorized expression and its B-part determined via the OPE.

The total SD-contribution is given by a sum of the SD-parts of all relevant diagrams:
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Figure 8: SD-contribution.

Now, substituting the SD-terms by the “original minus B-terms”, we obtain the expansion
shown on Fig.9. The dots there stand for the rest of the condensate diagrams and higher-order
corrections.

q qi
X
Y = + ..
2 2
4 . p2 q, p2
-i 0
4
g qi @

____________

Figure 9: Structure of factorization in the small-¢? kinematics.

The first row in Fig,9 corresponds to the usual OPE for the correlator (2.3) in the large-¢?
kinematics (g% ~ Q* ~ —p? ~ p?). The second row corresponds to additional terms which should
be taken into acceunt in the case of small-¢? kinematics (¢* € Q* ~ —~p? ~ u?). Note, that at
large values of ¢?, these additional terms should die out to convert the modified OPE specific to
the small-¢? kinematics into the standard OPE for the large-g? kinematics (cf. [24, 26]). Another
statement is that, at low ¢?, the “subtraction” terms (those in the parentheses in the second row
of Fig.9) have exactly the same singularities as the corresponding terms in the first row of Fig.9
and, therefore, the total expression is regular in this kinematic limit. In Section 5, it is shown
that, in this problem, the singular terms (so-called mass or infrared singularities) are generated
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only by the operators of two lowest twists.

4.2 Logarithmic singularities

According to eqs.(3.11), the condensate terms contain 1/¢%, 1/¢%, etc. singularities in the ¢ — 0
limit. On the other hand, the perturbative expression, though finite as g2 — 0, contains contribu-
tions which are non-analytic at this point. To study the structure of the non-analytic terms, it is
convenient to use the following method. First, let us introduce another set of integration variables
in the expression for the Borel transform ®7 (g%, Q%, M?) (3.2):

i1+ xs=A, za=yA zi=(l—-y)A=gA z,=1-A
This gives
2
xM?
Performing a formal ¢®-expansion of the exponential in the integrand, we will get divergent in-
tegrals for all the coeflicients of the (¢%)" expansion, except for the lowest term. To get a more

sensible result, we use a continuous version of the series expansion for the exponential, i.c., the
Mellin representation:

OF7(g, Q% M?) = — [ Ak dyem PN @ (4.1)
0

—&+ico
Ao L [ A =ayas (4.2)

271 Josico
Now, the integral over A can be taken easily, and the next step is to calculate the J-integral
by taking residues at J = 0,1,.... This gives:

| 1 2 25
@PT(qz QZ MZ) — / dye'Q y/M*g
e TM? Jo

q'ly 2 2 qzy q4y2 qzy
{ 1 et 4 28 1 ] et (T (3)
-3 ¢y \ ¥(n)(n+1)
Z\Mz) (-1

where ¥(z) = ['(2)/T'(2) and I'(z) is the Euler Gamma function.

The non-analytic terms ¢®In ¢? and ¢* In ¢? are typical examples of mass singularities [40]. They
appear when a long-distance propagation of particles is possible. In our case, the mass singularities
are related to the possibility to create, for massless quarks, a g§-pair by a zero-virtuality photon.
To apply perturbative QCD methods, one should first factorize the contributions due to short and
long distance dynamics, as outlined above (see Figs.5,6).

4.3 Scalar model

To clarify the origin of the singularities and outline the method of their factorization, let us
consider first the analogue of our form factor in a simple scalar theory g¢?4):

Flang) = [ X dY e X e (O[T {i(X) j(¥) i(0)} 0), (4.4)
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where j(X) =: ¢(X)#(X): . The perturbative contribution and some of the power corrections
are shown in Fig.10.

DAY

a) b) c) d)
Figure 10: Lowest terms of the OPE in a scalar toy model.

Calculating the perturbative contribution (fig.10a) in the a-representation or using the Feyn-
man parameters, we get

Crr23+Q% 203
do = B(-p* - M?) .7-'(,,)_./ de1dash(ar + 33 < 1)— -LumtCan
2 3
PAMY i MES -yt M
~Jo } : 4.
) AﬁMze ¢ (4.5)

Using the Mellin representation, as described above, we obtain the expression

i

- 1 i — Q2 5 M3 1 21 0q2 (n+1)
O = 51}—2_/0 dye VR /v e {—e""’ IM? | ( ) +Z( ) — }, (4.6)

n=0

in which the term containing the logarithmic singularity is explicitly displayed.
The diagrams 105, ¢, d corresponding to power corrections give

R 8(4? 8(¢? 8(¢?
b = B(—p" — M?) (—%) =0, &= —%, &) = -q,‘j’f,,l - 4D

Since the diagrams 10a,d contain terms singular in ¢, it is necessary to perform an additional
factorization of short- and long-distance contributions for these diagrams.

To get the bilocal contribution for the amplitude (4.4), let us extract terms related to the
simplest coeflicient function proportional to the propagator S(Y) = #/4%x%(Y? — i0) (see Fig.6c):

/d‘Ye'pY v Z;,_ Yy bn
T x / 2K e 0K (O[T (1(X) (0)(y, - - - Oy )$(0)}[0) - (4.8)

Here, the long-distance contribution is described by the two-point correlator

My nl@) = [ 24X 95 (O ((X) 60}y -4} (0)} 0)
={-11"quy, - - Q1pm H"(qf)-}-... , (4.9)
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where the dots denote the terms containing g,

The large-p* behaviour of 2 is governed by the leading light-cone singularity of the integrand.
To display the Y2-structure of the integrand in eq.(4.9), we reexpand the composite operator over
the traceless operators possessing a definite twist {32]:

Y9 Y (40, ...0,.8) =

A nln — 204+ 1) (Y2
- S et () e G de) . w)
In (4.10), we used the standard notation {3, ...8,,} for a traceless group of indices g, ... p,:
g** 0. ...} = 0. The leading 1/p? contribution in (4.8) in the p* — oo limit comes from
the lowest twist operators (¢ = 2 in this case). All other operators are accompanied by the
factors ~ Y2, (Y?)?, efc., which cancel singularity of the propagator ~ 1/Y? and, hence, give no
contribution in the large-p? limit.

To get the B-regime contribution for the perturbative triangle loop, one should substitute in
eq. (4.8) the perturbative expression for the twist-2 part of the two-point correlator

1 2.4
I(g}) = IE7(¢") = g7 [ duy n L2 (411)
where u? is the UV cut-off parameter for the composite operator ¢{d,, ...8,,}¢, and ¢* serves
as a cut-off for the low-momentum region of integration. As expected, in the limit ¢ — 0, one
obtains a mass singularity.
Substituting (4.11) into (4.8) and taking into account that {q,, ...q,,} differs from
Qluy - - - Q14 only in inessential terms ~ Y2, it is straightforward to perform summation over n
to get

1 2,5 Y . ] 1 1 q2y:t]
B = du | Yy f i(pY)—iy(;1 ¥Y) = / d | . ]
d /o N T o Ylr—yay @2 (4.12)
Since (p—yq1)* = p* —2y(pq1) +y¢] and (p~q:1)* = ~Q?, we can write (p—ya1)? = Fp*+y3* ~yQ>.
Applying the SVZ-Borel transformation, we get

1 1 d ; T
(I)B(PT) = __2?/[; g_ﬂ_zf_‘zc-w?/w«f? {eyqﬁ/w In (2%)} ) (4_13)

Comparing this result with the exact expression (4.6), one can observe that the non-analytic terms
of two expressions coincide. Hence, their difference, i.e., the coefficient function of the SD regime
(see Fig.7b, Figs.8,9 ) does not have non-analytic terms (mass singularities) in the ¢> — 0 limit
(cf. [40, 20]).

For the “(#%)-condensate” correction given by the diagram shown in fig.9d, the contribution
corresponding to the lowest twist operators exactly reproduces the singular term (4.7) ~ 1/4%.
Thus, this singularity will not appear in the modified OPE suitable for the nonsymmetric kine-
matics ¢2 < Q2.
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As we stressed above, the two-point correlator in (4.8) is responsible for the long-distance
contribution ~ 1/|¢;| and is not directly calculable in perturbation theory. However, we can write
it through a dispersion relation

o §T1,(3)

2
s —q

Ma(¢?) = %L ds + ( subtractions ), (4.14)
where 8II.(s) = (IIn(s + 20} — II.(s — i0))/2¢ is the relevant spectral density. As usual, we
will model it by a “first resonance plus continuum” ansatz. A similar dispersion relation can
be written for the perturbative correlator I12°™(¢?) (4.11), with the perturbative spectral density
81177 (3) substituting the exact one. It is easy to realize that the ambiguity in the value of the
p?-parameter in egqs. (4.11),(4.13) corresponds to the ambiguity in the UV subtraction procedure
for the correlators. However, the large-s behavior of the exact and perturbative spectral densities
is the same, and it is not necessary to specify the subtraction procedure because the correlators
appear in the modified OPE only through the difference II,.(¢¥) — II2*"%(g}?) (see fig.9}, which is
UV finite.
Writing explicitly the sum over the “hadronic " states in (4.14), we get

":n+1Hﬂ(qla Y) = in+ln{#1---#n}(ql) Ya. Yo =

fi¥ q)*(y™) +1 °  BILT(s) (V)"

2 7 p)
mi — 4 T Jay s —q

+ ( subtractions ). (4.15)

By analogy with the definition of the matrix element for the 7-meson, we define (0{3(0)|¢, p} = 1 f,.
We can introduce the twist-2 distribution amplitude ¢(y) by treating the matrix elements of
composite operators as its moments:

(8,PlBO) (YO HO10) = (Y (i) [ v o(w)dy. (4.16)

We also used a convenient shorthand notation (y") = fI ¢(y)y"dy. The contribution of the higher
excited states (continuum) in eq.(4.16) is approximated, as usual, by the perturbative spectral
density 8TIZT(s) = —(1/87) fy y"dy starting from the continuum threshold s,.

The parameters of the model spectral density in eq.(4.15), namely, the mass m, the residue of
the first pole f4, the moments of the distribution amplitude (y"} and the threshold s4 should be
extracted from the auxiliary sum rule for the moments of the scalar meson distribution amplitude.
In this case, the additional terms in the modified OPE will decrease with increasing ¢*. As a result,
the modified SR will reproduce the original SR for the three-point correlator valid in the region
where both ¢ and Q? are large (see fig.9). Treating these parameters as known, we substitute
(4.15) in (4.8) and define the “bilocal” contribution in the r.h.s. of the SR for the three-point
correlator. As a result, all the additional terms in the OPE (see the second row of fig.9) can be
written in the following form:
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— belocal B B
A@ — ‘I) - (Q(G) + (D(d) + .. ')
_ /1 1 e—Qzﬁszy @ 9/ M?
0

yM?
fgply) | 1 ¢ (¢2) )
[mi e (% T qz) +8= 5 (8(y) + J(y))] : (4.17)

Now we can write our final expression for the rhs of the modified sum rule:

®(¢%, Q% M?) = (o) + By + () + (g + AD =

_ ML araey [H300) g _ L (56 + 0T gy
o yM? m§ + ¢ 2xt T M®
[=%) 2=\ 2
g\ vn+ 1] 8{¢%)
+ ng% (Mz) n! QM2 (4.18)

It is straightforward to observe that this expression is well-defined for g2 = 0. Below, in our analysis
of the QCD sum rule for the Fyeye_.ro(@?, ¢*) form factor we will follow a similar strategy. Of
course, instead of the toy scalar meson, the p-meson will play the role of the lowest state in the
bilocal contributions.

5 'Mass singularities in the QCD case

As discussed above, the B-regime for the correlator (2.3) corresponds to a situation when only the
points ¥ and 0 are separated by a small interval (see fig.6b. In simple cases, the short-distance
coefficient function is given by a single quark propagator or a product of propagators. The long-
distance contribution is represented by a particular two-point correlator of the electromagnetic
current J,(X) and some composite operator (see {22, 24]).

5.1 Terms with single-propagator coefficient function

The simplest case is when the coefficient function is given by a single quark propagator S(X)} =
X /27%(X? - i0)?. The relevant contribution (Fig.6b) can be written as

2x : YR 1
FB ipY’ E ' ‘1 y#n
awr ™ 3 ]d"Ye 27%Y4 2! LA

X [{ _SVﬁaajd‘lX e X OIT{J.0 0 '1(0)(5;:1 s Eun)'}’a%“(o)}’o)
+i€Vﬂaa/d4X ek OIT{J.(X) ‘_‘(0)(5#1 .- 5#'»;)70”(0)}'0) } (3.1)
+ { Svpac ] d*X e~ X (O[T {J.(X ) u(0)(B - - Bun) o ¥5u(0)}[0)

Hipon | dX € X (OT{L0X) (0 G - B J1ou(0)}10) ]
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where Svﬂaa = (guﬁ Yoo — Gva 9pe + Gve gaﬂ)-
Let us consider the bilocal correlators with the right-sided derivatives

Ri(g,Y) = [ d'X =% (OIT{J,(X) &(0)(Y 3)1,75u(0)} 0),
Ra(g0,Y) = [d'X e X (O[T {J,(X) 2(0)(¥ 3)"1u(0)}/0)- (5.2)

The bilocals L3(¢1,Y) and L,(q:,Y) with the left-sided derivatives can be treated in the same
way.
For any n, we can expand the current with derivatives over a set of traceless operators. More

precisely, one should deal with traceless combinations of the indices 3, y1,...,pn. Therefore
the essential contribution to eq.(5.1) comes from two types of operators, viz., the lowest twist
operators which correspond to the traceless {3, u1,..., s} combination and the next-to-leading

twist operators which contain one contraction of ~ gg,, or ~ g, type. The operators with higher
twists are accompanied by the factors (¥Y2)?, (Y2)3, ete. which cancel the singularity of the quark
propagator 1/Y* and, hence, do not produce mass singularities.

5.2 Factorization of the perturbative term

The ﬁ@ctorization procedure for the perturbative loop is illustrated on Fig.7a,b,c. The diagram
Tc co}responds to the expression (5.1) with the two-point correlators given by their lowest-order
perturbative form:

Ri(q1,Y) _ — €400 i (=Y k) kaks — kagqig]
{ Rolar ) }_12[ g Ud F = ay (5.3)

where dPk = dPk/(2x)P, D = 4 — 2¢; here and in the following we use dimensional regularization
for the UV divergencies and the M S subtraction scheme.

To extract the contribution of the lowest two twists it is sufficient to keep only the terms up to
Y2 in the expansion of the integral (5.3) in powers of Y2, Indeed, the twist-3 contribution in (5.1)
is obtained by taking formally ¥? = 0 in the numerator of the integrand. Terms proportional to
Y? give the contribution of the twist-5 operators. Using this expansion (see Appendix D) and
(5.1), it is possible to perform summation over n and to integrate over d*Y. After simple but
lengthy calculations we find:

2 i 2 ag2s 1
B(PT)(42. 2. M2 =—/d -Q%y /M3
QM) = - | dye 2M?
2.5 2 4, 2 2 4,.2
M QYUY L0y |, €y ¢y  3q%y
x{eq yl 1]]_7 2m+ M4] +2M2 _§M4}- (5.4)

As expected, the terms proportional to ¢?In ¢? (given by the twist-3 operators) and ¢*in¢? (pro-
duced by the twist-5 operators), coincide with the non-analytic terms in (4.3).
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5.3 Factorization for terms proportional to the gluonic condensate

In a similar way, we can consider the diagrams proportional to the gluon condensate (see Fig.3).
In this case, it is convenient to perform factorization diagram by diagram, because different groups
of diagrams correspond to different coefficient functions (CF) of the B regime. Applying the same

technique that was used for the perturbative contribution, we get the following representation for
Fig.3b, c:

2 2 2 _ T Q, _szsz
@(¢%, Q% M?) = 18M6 266) [ a;
M? 2 2 2_ (n+1)
A ] ‘2( ) ) )
2(eh, Q% M) = = (2GG) ) 4 o
18 M4 2 Q?
s —Q%5/ M2y _Aiz y__— 1 qy/M2 qy
“qare (56 / e {q2y+(y y? o 317

(g

The factorization procedure for these diagrams can be performed just like it was done in the
perturbative case. The only difference is that now we should take the (GG) part of the correlator
(5.2) rather than its perturbative part. For Fig.3b, the bilocal contribution is

Br 2 2 2 T 0, Yy _Qz J5M?
W% Q% M) = ~ 10226 oz [ dy e P
M? 2 2 f a2 yyq 2/ Af2 7
x 4 _euat/M? | oyi*/M? vi? /M2 9, _ 5 7
{yqﬁe e s e (2y 6) ’ (5.7)
and for Fig.3¢ we obtain
T, Q, 11
B2(¢",Q% M?) = 1(3260) g (5.8)
T Oy w2 [ M2 M2 2 g2 Y 1 202 VUG
GG — jd vQ*/5M Ve /M T e /M, ST L
BT M‘* g * i )¢ "
Note, that the terms proportional to 1/¢% are due to the traceless combination of indices
B, H1,. .., ta in (5.1), whereas the terms proportional to ln¢® correspond to the next-to-leading

twist operators.
Diagrams 3 f, ¢ can be treated in a similar way, their total contribution being

P )
®149(0h, @ M?) = - 2(26C) 35 j dye s /oM

18
(272 + y) ymz, Y9 yi?\"v(n +1)
(e £ (i) 2
1 -2y M?
_( = y)_q_z} (5.9)
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In this case, the short-distance part of the relevant bilocal contribution is given by a product of
two quark propagators:

Y -2)¢ 2z
202(Y — Z)* 27774

FE, = 2?“ / d*Y Y d'Z (5.10)

Y o vy 2o g [ diX e

(OIT {Ju(X) 8(0) (B - - - Bun )1 365729(Bur - - By A5(0)) 1 1:757a(0) } [0).
The {(GG) contribution in (5.11) leads to the expression:

B (22 g2y _ T % L/ld -yQ*/9M?
q)f-l-g(q !Q ’M ) - 18( T GG) M6 o ye
% {(252 + y)eyquMz In yng _ (1 _ 23’) M? eyq2/M2
172 p2 gz q2
+er M ()Y, (5.11)

where (...) denote terms regular for ¢ = 0.

5.4 : Factorization for quark condensate corrections

The factorization procedure should be applied also to the diagrams with the quark condensate.
The relevant contributions are analogous to the power corrections of the toy scalar model.

Consider first the diagrams with a soft gluon (Fig.7). The first three diagrams (figs.7e,b,¢)
produce a p*-independent contribution into F(p?, ¢?, ¢2) which vanishes after the SVZ-Borel trans-
formation in p?. The last three diagrams (figs.7g, h,1) are regular in the ¢ — 0 limit, and there is
no need for an additional factorization. Finally, the contributions of the remaining three diagrams
(figs.7d, e, f) has a manifestly factorized form (see (5.1),(5.11)), ¢.e., they are completely absorbed
by the bilocal terms in the modified OPE.

For the diagrams with a hard gluon exchange (¥ig.8), the situation is very similar. The first
three diagrams (figs.8a, b, ¢ ) produce a manifestly factorized contributions into F(p?, ¢?,¢Z). The
basic difference between them is that the coefficient function of the B-regime is given by a product
of two quark propagators while those related to the diagrams 8, ¢ is formed by a product of two
quark propagators and a gluon one. The contribution of Fig.8d is regular in the ¢ — 0 limit, and
there is no need for an additional factorization.

As mentioned earlier, the remaining diagrams 8e-r do not contribute to F(p? ¢?, ¢?) in the
large-¢® regime. However, a more careful analysis (see Section 7) of the bilocal objects corre-
sponding to some of these diagrams shows that there may appear nontrivial contributions into
F(p* q%,4¢3) due to the so-called contact terms [22]. Within the QCD sum rule method, the
contact terms, in particular, play a crucial role in establishing the correct normalization for the
electromagnetic form factors at zero momentum transfer [22, 24, 26].
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After application of the subtraction procedure illustrated on Fig.5, all the infrared singularities
of the original sum rule cancel with the corresponding singular contributions from the diagrams in
which the B-term is extracted explicitly. In our case, it is sufficient to consider the bilacal objects
corresponding to operators of the lowest two twists. The terms remaining after this subtraction
are regular in the ¢2 — 0 limit and contribute to the modified sum rule.

6 Bilocal correlators

6.1 Bilocals related to a single-propagator coefficient function

In the simplest case the coefficient function of the B-regime is given by a single quark propagator
S(Y) = Y/2x*(Y? —10)?, and the corresponding contribution into the three-point amplitude
Fourlqi,p) can be written as

8 14

Foulan) ~ [ gt [ FOTUAOEOR s (VIOEX . (61
As emphasized before, the correlators (bilocals) (0|7'{J,(X)OCX0)}|0) of the J,(X)-current with
composite operators O{(0) are sensitive to the long-distance (~ 1/|q;|) dynamics and, for this
reason, they are not directly calculable in perturbation theory. The standard way out is to write
them in a dispersion form and assume the simplest ansatz (“lowest resonance + continuum”)
for the model spectral density, with the continuum starting at some effective threshold s,. The
parameters of the model spectrum can be extracted from an auxiliary QCD sum rule. The quantum
numbers of the electromagnetic current J,(X), which appears in all the bilocals, dictates that the
lowest resonance shall be represented by the p®-meson. In particular, for the bilocals corresponding
to the-single propagator coefficient function, we can write

. 1 g
Ri(q,Y) = ;/0 iR_"(;é)ds + ( subtractions )
oo PT
= “p°-meson contribution” + 1 ds—n———éR“ (s,zY) + ( subtractions ), (6.2)

T Jap s —aq
where 6 R,(s,Y’) is the relevant discontinuity: §R.(s,Y) = (Ru(s +0,Y) — R.(s — i0,Y))/2i.
Picking out the p°-meson term

~

1
S 1Py (5P| C L (6.3)

A=~—1

dip
§H)(p2 — 2
(p mp) (27!')3
in the sum over physical hadronic states (with A being the helicity of the p°), we extract the p°
contribution. As a result, we obtain a set of matrix elements which can be parameterized as

O[O B(Y)pS0: PY = iD” fY ¢Y (Y, p?) +--- (6.4)
OBy Y(Y)lpfyer: P) =5 f¥m, ¥ (Y, u?)
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tiay, p° fymy(erY) o, (Yp,p?) +--- (6.5)
OO ¥ (Y)lpf s B) = €*PeS pp Y, fAGA (YD, 4?) + - . (6.6)

Here only the twist 3 terms are written explicitly, and the dots stand for the higher twist contribu-
tions, &, is the polarization vector of the p°-meson, and the helicity components have an evident
interpretation in terms of the longitudinal and transverse polarizations: p3_o = pf, , Py = P1-

In a standard way, the functions ¢,(Yp, 4?) can be related to the usual wave functions p,(y, #?)
describing the light-cone momentum distribution inside the p:

, 1 , .
#(¥p,t) = [ dye Tz, i), (6.7

with u? being the renormalization parameter for the relevant composite operators. The constant
f;’ fixing the normalization of the simplest wave function is known from previous QCD sum rule
studies: f =~ 200 MeV [18, 41], while the constants f;! and av, in egs. (6.5), (6.6) can be fixed by
equations of motion (cf. [39, 36]}, which form an infinite set of relations connecting the moments
of different wave functions (see Appendix C).

For our purposes, it is more convenient to write down the matrix elements in a form suitable
for an arbitrary polarization of the p°-meson:

OIB0) 1 (YV)[e5: P) = fYm, (o), (Yp,u%) + Cvs Y24) (Y pou?) + - |
+iavi po [ my(eVY) (¢ (YD, u?) + Cras Y20 5(Yp,u?) + -+ |
+£7% (Yo(eWY) — eDY?/4) ¢V5(Yp,p?) +--- (6.8)

(OI'I’(O)'Ya’Yﬂ[)(Y)lP;;;) = €rafp ES:A)P»@ Yp ff [‘t’ﬁ(YPv F‘z)
+Cas V2425 (Yp,p?) +--- | (6.9)

Since the C-parity of the p°-meson is negative, its wave functions have the following properties
(here and below § =1 — y):

PVVEVISAAS(yy = GVVSVISAAS(g)  GVIVIS(y) o pVIVIS(gy
1 1
fo dy WAy =1 fo dy yo,, " P(y) = 1. (6.10)

In the relations above, we have explicitly displayed wave functions up to twist 4. Note that,
for a longitudinally polarized p°-meson,

‘Sézo ~ip,/m, + O (m,/p:)

as p, — 0o, and the twist-3 part in eq.(6.8) coincides with the well known definition (6.4).
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Let us consider first the twist-3 p°-meson contribution in eq. (6.2). Applying (6.3), (6.8) and
(6.9), we obtain:

i —)(fVm,)? . -
(Santany)) = EHET f s [F gy oy )

2 -
n=0 p° mp QI

1 o
—tay) q10€4 (€'Y) /0 dy e~ (Y2} gor:(y) } (6.11)

00 —1 A gV . =
(E "'RS(Q'h )) - ( ')(fp f,,2m,,) Eu€s €o88p Q18Y, /01 dy ey ‘PJ:.L('U)' (6.12)

2 _
'n.—D mﬂ %

Here we use the shorthand notation:

_ AN QipGio
= €€ = —Guo T+ .

(6.13)
A=0,%1 m?

Substituting egs. (6.11), (6.12) into eq. {5.1) and extracting the proper tensor structure we
get:
4 f mp

FB(P)
3 m2 ~g¢

), dus [—an fmeeli0) - oA @O+ ], (619)

where

PP=(n+in) =-qyi+agy+ry
is t.he virtuality of the hard quark written in the “parton” form. This formula includes an extra
factor of 2 which appears when one adds the contribution of the correlators L, L} and uses the
symmetry properties of the wave functions (6.10). It should be noted that the wave functions ¢V oL
@y > and @} 2 do not contribute to the form factor F which is considered here.

Deriving, in a similar way, the twist-5 contribution and applying the SVZ-Borel transformation
to the resulting amplitude, we obtain:

v
P50 = ﬁi;—n%/ldy—z 4
3 mityg y:M

4Cv sy
| =an sm (ot - 22 o)

—FAL +29) (f,o:L(y) _ws Af’(y)) ] -

e~ Q' YIM?F qFy/M? (6.15)

e
As expected, the twist-5 contribution is suppressed by one power of 1/M?.

Now, taking ¢® = 0 and introducing the integration variable s = y@Q?/y, we can write this term
as

A(Q%) =

_4r fV ® ds _ Mz s 4Cvsi(s + Q%) s, s
s 2 4C 45(s 2
50 (v g + et B e o) oo

+FA(1 +2
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Note, that this representation has “wrong” powers of the SVZ-Borel parameter M? compared
to the canonical form

S(M?,Q%) = ﬁ/ﬁ/‘]m e~ M p(s, Q%) ds. (6.17)

Using the transformation
[ ds e 5] [ dg oo (6(0)8(5) + /() (6.18)
[ ds e SO) [ 4y o= (50) () + (0) 8(5) +6"(5)) (6.19)

etc., we can always cast the terms with the “wrong” powers into the canonical form (6.17).
In particular, ta.king the asymptotic forms (see Appendix C)

fvmp

avi = 15 = 7oV = ¢ = 6099 (2y — 1), wa = ¢ = byg, (6.20)

as the simplest estimate for the twist-3 contributions, we get

P 2
mls) = Br P (6:21)
Pl @) = i le) = sy o) (6:22

Note, that the s-integral over this spectral density is zero.
The asymptotic forms for the twist-5 distribution amplitudes can be directly extracted from
the corresponding correlators:

Pvis = vy = 420(y7)? (2y — 1), was = ¢% = 30y°§%. (6.23)

From the equations of motion (see (C.4), Appendix C) it follows that Cyys = 5C,5/7. Teking
into account this expression and egs.(6.23), we obtain:

= WM:/ d _'/M'l 95,,9(3) , (6-24)
where 2 2
. . 3
g5'p(8) = —41[‘2(f: )’ 10( A5m . (625)
Hence, the relevant spectral density is
(3s? — 63Q% + Q*
p5(s, Q%) = —8x%(f) )2 40 CasQ’ S 9s.,(8)- (6.26)

(s +@Q?%)°
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6.2 Continuum contribution

In the basic OPE for the small-¢* kinematics, one always deals with the difference between an
“exact” bilocal correlator R and its perturbative analog R¥T (see Fig.7). An important observation
is that the subtraction terms in the dispersion relation for R”7 coincide with those in the dispersion
relation for R, since the ultraviolet behaviour of these two correlators is the same because of
asymptotic freedom. Hence, there is no need to explicitly specify a subtraction prescription for
the correlators.

Now, incorporating our mode! for the bilocal correlators, in which the contribution due to
higher excited states is approximated by the perturbative spectral density (see (6.2)), t.e., by the
continuum starting at s,, we can easily write down an expression for the difference between the
continuum contribution to R and the perturbative bilocal RFT. Then, substituting the result into
the original expansion (5.1) and performing some straightforward calculations, we obtain:

1 1 1 2 2= 2 2
B{cont) _ §B(PT) __ _ —Q4y/ M2 q*y/M
¢ ¢ T / Wi ‘

— In -2 — ~— | ¢'In*2 - q° £ . 6.27
X M2 (q n q2 Sp + M4 q n q2 q sP + 2 ( )

The terms collected in the ( ) brackets correspond to contributions due to operators with
tw1st 3 and 5. Note, that these terms exactly cancel the logarithmic contributions ¢21n ¢?, ¢*In q
presént in the coeficient function of the unit operator for the usual OPE valid in the large-q?
kinematics. As a result, the non-analytic terms are replaced by the combinations ¢2In (sp +¢%)
and ¢*In(s, + ¢*), which are “safe” in the ¢° — 0 limit. On the other hand, for large ¢, the
usual OPE without additional terms must work, 7.e., the difference between “exact” bilocal term
and its perturbative analogue must vanish faster than any power of 1 /@* in the large-¢? limit. It
is easy to check that the terms on the rhs of eq.(6.27) behave like 1/¢? when ¢ — co. To get
the total expression for the additional terms, we should add the p-contribution to eq.{(6.27). The
p-contribution also has the 1/¢*-behaviour for large ¢*. However, to produce a perfect transition to
the pure SD-case, the 1/¢*-terms must cancel. Basically, this means that using a rough model for
the correlator one should not rely too heavily on the extrapolation of our result (6.27) beyond the
region ¢><m?2. However, we can require that the model, at least, should provide the cancellation
of the 1/¢* terms. If we choose the asymptotic form for the lowest-twist distribution amplitudes,
the cancellation of the 1/¢*-terms produces the estimate:

52 = 8x*(f) )’m2. (6.28)

Qur result (6.27) simplifies in the ¢ — 0 limit:

=2
® MY |2y ¥’ s,
/0 ds e /M"Q2 [ Trse + o ] , (6.29)

where s again is defined by s = yQ?/§. The twist-3 contribution can be represented in the

$Bleont) _ §B(PT) _

xM?
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canonical form with the following spectral density:

4 2
205,07 = 2, LT, (6.30)

For the twist-5 contribution in eq.(6.29), we obtain:

(332 — 63Q2 + Q4) I/

B —
Ps (S, Qz) - Sng (S + Q2)6 - g5,cont(3)7 (631)
where g
=% 5%
gs.comt(3) = 5 T o (6.32)
Using (6.28), the p-meson contribution from (6.22) can be rewritten as
32 (Q* - 2sQ?
P45, @) = g, (s) = % L0 ) (6.33)

m?2 (s+QH*

For the next-to-leading-twist contributions, similar duality arguments give the following esti-
mates for the normalization constants of the relevant two-body distribution amplitudes:

1 Cus = ;—6 ~ 2928 1072 GeV?; Oyis = ;—; ~ 1.63 - 10~ GeV?. (6.34)

Hence, the expression (6.26) can be written as

(3s% — 6sQ% + Q%)
Gr@r

If the distribution amplitudes deviate from their asymptotic forms, then the duality condition
between the p-meson and the continuum should keep the form of the expressions (6.33), {6.35),
but instead of 3, we should get an effective duality interval.

Note that for f = 0.2GeV, our estimates give §, ~ 1.37 GeV? for the duality interval. This
value is in good agreement with the “canonical” one: st = 4x?(f))? ~ 1.58 GeV®. The latter
follows from the local duality considerations for the two-point correlator of two vector currents.

P 2 sP 2
(q? = — IQ 6.3
p5(s’ ) 23 3 ( 35)

6.3 Twist-2 bilocals for two-propagator coefficient functions

Next in complexity is the contribution related to the coefficient function formed by a product of
two propagators S(Y, Z) and 5(Z,0):

o . Y-2y¥ 22 = 1
B(2) . 2% d4Y ipY d‘Z S 7 R I A B AL .
Fam 3 .[ ¢ 2r2(Y — Z)4 27224 nmz=0 n!m! Y Ytz z (6.35)

x [ & X 0% (OT{Iu(X) G0)( By - - Do )16 99(Bon - - Bun AL (0)) P2 157(0)}10)
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Here we explicitly extracted the bilocal correlator containing a composite operator composed of
two quark and one gluonic field. Note that the gluonic field Al(Z) here may be treated as taken
in the Fock-Schwinger gauge, i.e., it can be substituted by

AYZ) = 2, f a G (aZ)do. (6.37)
As a result, the p°-meson contribution is determined by the following matrix elements:
01221 )10759:Ghr (Za)EU(Z2) 103 P) = P emon Po e FL G (Zip, )
+higher twist contributions (6.38)
(0la(Z: )10 i9:Gn (Ze)w(Z2)|03: P) = Py (poel) —peQ)) 13, 6%,(Zip, 17)
+higher twist contributions . (6.39)

In a standard way, we can introduce the momentum distribution amplitudes® cp;',A (y:):

¢35 (Zip, 1*) = fo [dyls s, (y:) e~ Lv (Ber), (6.40)
They have the following symmetry properties:

(p;lp(yh Y2 y3) = ‘P3Ap(y2$ yl;y3) ’ ('P:‘i/p(yl y Y23 yS) = —-30;‘;/,,(?}2, Y1; y3)- (641)

In our definition, the normalization constants f5, =06 -1072GeV?, f¥ = 0.25 - 1072 GeV? [41]
are factored out, so that the distribution amplitudes are normalized to unity:

fo [dy]s p3,(0) =1, /0 [dyls (31 ~ y2) @3, (y:) = L . (6.42)
Following the procedure described in Sec.2.1, we find the p°-meson contribution:
8r f m 2
B(2) _ Jp Mo bjaM
o0 =T / do o / dg ] [dyls e (6.43)

c d
X {fSp ‘Pap(yh ¥2; y3) [ azMA - 203 wo ] f3p LP:?.;:o(ylsy'z: y3) [agﬂrqu - 203146 ] } >
where
a = afys+ys,
b = —q*(a®By; + 2aByzys ~ adys + ¥ — y3) + Q* (aBys + y2 — 1) (6.44)
and
a = (afys)/(aBys + ys),
d = ¢ (—qz (@®By3 + 2ay2ys + adys + y3 +y2) + Qz) ,
ce = (aBys+2By2)/(aBys + ya).
dy = o (¢ (a®Byl +20Byays + adys « 23y2 — 2 + ) + Q2 (1 — 28)).  (6.45)

3dyls = dy1dyzdys 6(1 — 3, %)




The perturbative spectral density for all of these correlators is suppressed by O(c,/7)-factor,
and for this reason we neglect here the contribution due to higher states.
Taking ¢* = 0, we get

a=0ofys+y2, b=-Q%(l—a) (6.46)
and

a = (efys)/a, di=c Q?,
e = (aBys +28y)/a, dr =1 Q*(1 - 26). (6.47)

Introducing the variables:

1 —y; —afys Q*
s= Q1 —a)/a=Q? , v(s) = 6.48
Q1 -a)fa= QB = o (6.48)
and integrating over 3, a, we obtain the representation
B f _ 2 S + Q )
B — ] M _
. 3 m, ds Q“M“ X (6.49)

x [ ldyls 03 < o(s)) LELZ)

Ys

{fs‘}, @5(y1,¥2; 93) (¥2 + y3 — v(s)) l1 — %} _

— f:::, ‘P.";;;(yhyﬁ ya) [(yz +ys —v(s) — 2y2In (%__23)) —

\ vis)— 12
ULy (yz +y3 = o(s) + 2(u(s) - 32) In (%))”

To estimate these contributions, we use the asymptotic forms of the corresponding three-body
p-meson distribution amplitudes [41]:

eaa(yryaya) = Yaav1v2ys = 360y1yay3,
av(¥1¥2¥s) = @3 (nivaya) = Ty — y2)v1y2y3- (6.50)

6.4 Twist-2 hilocals for three-propagator coeflicient functions

The bilocals associated with the coefficient functions given by a product of three propagators
can appear in the (1,13¢')2 quark condensate diagrams of the unmodified OPE (see Figs.7a — r).
Furthermore, it was pointed out there that for large and moderate ¢? only diagrams 7a — d
contribute to the invariant amplitude F we are interested in. So, let us consider them first. In
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fact, among these diagrams, only 76 and Te produce bilocals with the three-propagator coefficient
function. After some algebra, we obtain

32n%a, (tiu p
B(3) _ 3 ipY a
st B [y (1) 2

x/dX€““<mTUMX)mmuu.u¢J%mwwmnm» (6.51)

oo___uul bn
PO ¢

Adding the charge conjugate contribution produces an extra factor of 2. The correlator which
appeared in eq.6.51 can also be treated as a distribution amplitude ¢.-(y,¢?) of a photon with
virtuality ¢? = —g®. The perturbative spectral density for this correlator is zero, so the simplest
approximation is to model w.+(y, ¢%) by contributions from lowest resonances:

P

T
—f o (y) +... (6.52)
m2 + ¢? mf,, i

vy (,4°) =
where the p-contribution is determined by the matrix element

(0(0)austb(YV)[p%; P) =i (M ps = p, ) £ ¢T(Yp, u?) + higher twists . (6.53)

Here, as usual, 0,5 = %[fyu,'m], ? = q1 + ¢2. The simplest approximation is to model the photon
distribution amplitude ¢.+(y, ¢%) by the p°-meson contribution alone.
Proceeding as described above, we get for the SVZ-transform ®:

647 o, {au) m, VT
21 MS mi4 g

&~ 3)

1 ] BeT(y)
dud eﬁ(qzyy—Q’y)/((l-yﬂle)_P__, 0.54
[ dvas (1 — 4By (6:54)

where ©7(y) is the normalized distribution amplitude (its zeroth moment equals 1). To get a
correct overall normalization of the correlator for large ¢°, we should approximate m, f, v fT by
—2(tw). For ¢* = 0, introducing the variable s = Q%y3/(1 — yf), we then get:

12872 a,(au)?® [ 2
o(3) — s f e~/M ,
¢ 97 MoQim T(s)ds, (6.55)
where |
f dy % (6.56)
s/8+Q2
If we model gog'(y) by its asymptotic form ¢ T(y) = 6y(1 —y), this gives
gT(s) = Q%+ Q*
(3) = 6s ( Famialrerars 8) . (6.57)
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Using the formulas (6 18),(6.19) we can convert the expression (6.55) into the canonical form.
Note, however, that ¢g7.(s) contains the 1/s-singularity, and one should be careful when calculating
the relevant spectral density p7(s,@?). The simplest procedure is to represent the Ins term as
limyz_gIn(s + A?). Then application of eq.(6.19) is straightforward, and we get

12872 a,{du)’ o e {8+ 3sQ? +4Q* 1
T_ oM -
¢ 2T MG }}m [ln 2—}—](: e ( YT Py ds|. (6.58)

This trick amounts to using an alternative regularized form for the (1/s);-distribution usually

defined by
/ £(s) ( ) ds = j 1(s) f fls) - /@), (6.59)

7 Bilocals and contact terms

A special care must be taken about the correlators containing the Dirac operator 4,D* acting
on the quark field . Since the correlator is a T-product of the electromagnetic current and
a composite operator, applying the equation of motion one gets the §(4(X )-function, i.e., the
external vertices of the bilocal are contracted into a single point and it reduces to a ¢*-independent
constant.

Let us sketch a simple derivation for such terms (see, e.g., [21]). Using the functional repre-
sentation for the correlator

OIT{... $(X)TH(O}0) = | DIEIDWIDIAI (... OV exp (i [ £(2)a'2), (1)

where £(Z) = %(Z)iVy(Z) +--- , we can write

V(0) exp (z/ c(g)mz) _ —g% exp (z/ E(Z)d“Z). (7.2)

Integrating by parts in (7.1) results in

- §(Z
[ oo {258 o (i [ ciz)a'z). (1)
It is the derivative §5(X)/69(0) that produces the §(X) term mentioned above.

The contact terms play an important role in all applications of the QCD sum rules to low-
momentum behaviour of hadronic form factors. In particular, without them, it is impossible to

satisfy the Ward identities fixing the pion form factor normalization at zero momentum transfer
[24, 26].
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7.1 Separating short- and long-distance contributions

Consider the hard gluon exchange diagrams shown in Figs.5a — r which produce, in the B-regime,
the bilocals associated with the three-propagator coefficient function. Take first the diagrams 5e.f.
Their contributions are

32¢ 32

de ~ p2q2q4 G1u Cavgige 5f ~ m Q11 €avgrgas (74)

t.e., they do not contribute to the invariant form factor F. However, as we will see below, in
the B-regime, equations of motion “extract” the appropriate tensor structure, .e., these diagrams
cannot be ignored. The relevant term from the three-point correlation function can be written as*

3272 o, (@u ; I &1
faBinI(QI)q2) = 9 png €avqiga fa’"Z "24 52 z_: Z™M Dk
x dee_""X (OIT {Ju(X) (0)(Duy - - - Bun )u(0)}]0)- (7.5)

Extracting the bilocal term from (7.5), one should pick out the traceless combination of indices
1, - .. fin, T.€., the lowest twist term which gives the leading power contribution with respect to
1/p% 1/ . Introducmg the notation

Main}(21) = [ dX X QT {IL(X) GON{B - By }u(0)}[0), (16)

we can represent the correlator (7.6) in the following form:

Mot oind(@) = AP @i {q1s - G10n} + B0 {010 Gy - - @10} +
+C(n)(q?) 9l Qtuz - - Q1un b (7.7)

where {...} denotes the traceless-symmetric part of a tensor. Because of the electromagnetic
current conservation, we have the constraint ¢, IT.(4, ..}(q1) = 0 which produces some relations
between the invariant functions A™, B(", C™). Using the formula from [42]

o n + 1
4] {qlm e Qpnys Q'a} q;z '{qlm s qmn_1} ’ (78)
we obtain
+2
(M”+%%:%Bm)ﬁ+cw=a (7.9)
Contracting (7.6) with g,,, gives
" n+1) o (Mt 1Y?
Tatnsn@) 0o = (402 D 0 (M) 0 gy o)

“The charge conjugate contribution can be trivially added.
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Furthermore, applying the technique symbolized by eqs. (7.1) - (7.3) (see Appendix E) we obtain,
in the leading-twist approximation:

H.u{.u:---nn}(QI)gum = (—‘.)n_l {‘II.ue s qlun}x
X [—2(‘&11) - %qlcije—‘QIx O|T{J(X)a(0){0,, ...0u, }ouu(0)}0)|, (7.11)

where the first contribution inside the brackets is just the contact term , while the second one
cannot be reduced to any other contact terms. Since the relevant perturbative spectral density
vanishes, the continuum contribution is not necessary, and the bilocal is modeled by the lowest
resonances, i.e., by the p-meson® in the simplest approximation. In this case, we get

Hu{m---yn}('?'l)gum = (_i)n_l {q1uz - - Q1 } %

x[—2( u) + (fvmp f:2 1/ vy ] (7.12)

where 7 (y) is the tensor wave function of the p-meson. Note that the term containing ©T(y)
vanishes for ¢ = 0.
Using the formulas from Appendix D, one can easily perform the necessary contractions:

Zyy - B M. #n} = A™ gy, 7" CO(n)+

‘ Bn) @ - .
— [ Zu5 T G2 + T c,‘f’(n)}
) 72

-+
n

[z O - g

). (7.13)

where C{))(5) are the Gegenbauer polynomials and the notation 5 = t(qZ) -2, v =
—iy/—Z%?/2 is introduced.

The tensor structure (~ pu €,.q,4,) We are interested in, can be only produced in (7.13) by the
terms ~ Z,. Hence, other terms can be ignored. Combining now eqs. (7.9) - (7.12), we get,
modulo the next-to-leading twist contributions:

¢} B™ N c) N
2(n+1) n |
2n?

. ane L (Bma) S
Z.l-l(_'quz) ! (n+1)(n+2) [—2(117.1) + m 412 o fdyy ‘Pp ]‘

Substituting (7.15) into (7.5), integrating over d*Z and summing over n by using the generating
function technique we get for the SVZ-transform of the contact terms:

2,71 Ch(a) |- (1.10

. 2567r a,(tu) B— By _ _
§3e/(©) - TR / / dBdy i—yﬁgﬂ' V(P B-Q)/((1-vB)M?) (7.15)

5Note, that in the chiral limit my = mg = 0, the p- and w-contributions cannot be distinguished and are equal
to each other (¢f. [18]).
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The non-contact terms give

25672 o, () (f,'m,)f] 3
27 Q°M® ml4q? F

< [[[ dadgay ¥ ﬁ (vP Bf‘)fﬂ) T (y) VB0 1=y
— ya ?
whereyf=1-yB, B=1-3.

Hief(p) — _

(7.16)

Analyzing the remaining bilocal contributions capable of producing a coefficient function of
the three-propagator type (see diagrams of Fig.5 b,¢,%,1,0,p), we found that the contact type
terms are either absent or do not terms with the tensor structure p, €,,q,4,. Contact terms are
also absent for the bilocals corresponding to the one- and two-propagator coefficient functions.

For ¢q% = 0 the contribution of the contact terms reads:

256720, (qq)? 1 2|, s+Q? Q?
@c(Qz,M2)=__27ﬁg)_/o — [111 T2 s, (7.17)

Representing again In s = limyz2_ In(s + A?) and using eq.(6.19), we obtain

256m2a,{qq)? .. 2 o0 2 8% + 3sQ? + 6Q* 1
Cr2 af2y — _ 8 ~3/M _
CAOMY) = a2 % 3+./o ° (s + Q% ST ) v
(7.18)

8 QCD sum rule in the small-¢* kinematics

Collecting now all the contributions, we obtain the theoretical part (the modified OPE) of the
QCD sum rule for the form factor Fie,e . e(¢%, Q2) (see Fig.3):

@(qz, Qz’Mz) - (I)PT(q‘z, QZ, MZ) @(GG) + (I,(GG) + (pgc;'g)_l_

+@0 ol 1 ol 1 ol 4
+@BU) 4 (@Bleont) _ @BPT)) _ oF _ 08 _ o8,  +
+@°%) — @8 — 02 — @F 4

+0°@) _ ‘I’ﬁ,c + [¢5eI(C) + @S] (8.1)

where the first two rows correspond to the original OPE valid for symmetric kinematics. Each of
the next rows represents the additional terms corresponding to different types of the coefficient
functions. As explained in Section 4, all the terms of the standard OPE, which are non-analytic in

40



the g> — 0 limit, are cancelled by the corresponding B-contributions. As a result, the coefficient
functions of the SD-regime are analytic functions of ¢* (compare with [20]). Substituting explicit
expressions for all the terms which appear in eq.(8.1) gives the following expression for the SVZ-
Borel transformed OPE for the three-point correlator valid in the region of small ¢%:

1 1 ; 2
o(¢%, Q% M) = — 0 {fo dy e~ F/MT {(1 + 15 e 4

2 2 2 2
el [2_y (qzln (00 + )y _ao) LY (q41n (70 + %)y —q2a0+322) ] B

M? M? M1 M?
& Py pn)(n+1)
-5 (5) o)

L 1 L gy Y @My "
3 (¢4 [2M2Q2+M4fodygze E_; *

_{_64%3 (§ )2 q® n 6473 (d )2 1 n
313 N Qe 97 “\Y S04

+ 47? f;mp 1
AT
my+q

| o s, (o200 - Sz o) - s+ 20 (ot 2 i) |

e~ v/MG Py/M?
g2M2

2 fVm, ]daaf a’ﬂ/[dy] ¢ b/aM?

3m2

d
X {f;ﬁ, <,03Ap(y1,y2;y3) [agﬂlp 9a3 M‘ ] fap 903p(y1$y2|y3) [ a?M2? 2a3;44 ]}

_64n° a, au) m, fY f7 / / 3% Y)  ols-Qt (1 -sB)M?)
27 m2 4 ¢? (1 (1 - yB)?

_ 2567° o, (i)’ 3(3 - d)y (VB(#2B-Q)/ (1-yB)M?)
27 QIMH / djdy (1 - yBP@

647> au(aw) m, £ I yod(,? yad(y3 - yb) B O e
ST 1] i D 1 e i
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This expression can be used as a starting point for constructing sum rules for the form fac-
tor Fye,oxo(q?, Q%) at ¢* = 0, its derivative %;F.,.,,.,,.(qﬂQ?)hz:U or even for studying the ¢2-
dependence of Fysyere(q®,@?) in the region of small ¢ 1GeV? for fixed values of the large
virtuality Q%> 2GeV?2.

For the constants present in eq.(8.2) we use the following numerical values: Y=
0.2 GeV,m, = 0.77 GeV ; the constants fA = —fY m,/4, av, = 1/40 are obtained from the
equations of motion (see Appendlx C), the values fgl = 0.6 - 1072 GeV?, fa, =025 -1072 GeV?
are taken from the QCD sum rule estimates given in ref. {41]. The quark and gluon condensate
values are standard: ((a,/7)GG) = 0.012GeV?, a,(Gq)? = 1.8 10~* GeV®. For the continuum
threshold in the p-channel we take the standard value o, ~ 1.5GeV? obtained from the QCD
sum rule for the p-decay constant fY [18]. This value was also extracted from the QCD sum
rule analysis of the first few moments of the p-meson wave functions [41]. To estimate relative
importance of various contributions, we take the asymptotic forms for the following p-meson wave
functions (see Appendix C):

ev1 =y = 60yg (2y ~ 1),
wa =y = 6byy,
& 34 = @5y = 360y1y2y2,
wav = iy = Ty — y2)119203- (8.3)

Numerical analysis shows that the most important contributions in (8.2) come from: a) SD-regime
(first five rows of (8.2)) and &) p°-meson contribution with the leading twist wave functions (B-
regime) in diagonal and nondiagonal correlators. The terms associated with three-particle twist-5
wave functions are small: their contribution into the sum rule is of the order of a few percent. We
expect that terms corresponding to the next-to-leading two-particle wave functions (also twist-5)
are similarly suppressed. Contact-type power corrections were also found to be small,

Below, we consider only the simplest sum rule for Fye,ere{g? = 0,Q?), keeping in it only the
most important terms listed above and contact terms. All the necessary expressions substituting
the terms from eq.(8.2) by their ¢*> = 0 limit were given in preceding sections. Combining them
together, we obtain the QCD sum rule for the y4* — 7° form factor:

%0 2 _ 3 2

:+2Q4~—63Q2+332 (ﬁ B _;Sff_)}e_,/Mz @?ds
N CR s 2 3m} (s + Q%)
772 y 1 —s/M? ds
+ 500 {gmt g2 )
64 1 12 ?
+ﬁ1r 3a,(gq)* hm {2Q2M4 Y [1 og ?2 -2

0 _ a2 [ 8%+ 3sQ% + 4Q* 1
/M _
A ( Gr@p  sae)®
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4 2 0 _ e [ 8%+ 3@ 4+ 6Q1 1
_a[log%—:n.[o Y (3 (31@@2)362 ‘3+,\2).d8]}' (8.4)

The sum rule must be taken in the limit A> — 0 of the parameter A? specifying the regularization
which we used to calculate the integrals with the (1/s)4 distribution. Furthermore, in this sum
rule we model the continuum by an effective spectral density p*//(s, @?) rather than by p”7 (s, Q?),
with p*//(s,Q?) including all the spectral densities which are nonzero for s > 0, i.e., pf(s,Q?)
(6.30), p£(s,@%) (6.33), pB(s,Q?) (6:31), (s, @) (6.35), 47 (s, Q%) (6.58), 1°(s, Q?) (7.18) and
also an analogous contribution from the gluon condensate term.

We studied the stability of our sum rule with respect to variations of the SVZ-Borel parameter
M? in the region M? > 0.6 GeV?. Good stability was observed not only for the “canonical” value
57 = 0.7GeV? but also for smaller values of 35, even as small as 0.4 GeV?2. Since our results are
sensitive to the so-value, we incorporated a more detailed model for the spectral density, treating
the A;-meson as a separate resonance at s = 1.6 GeV'?, with the continuum starting at some larger
value 34. The results obtained in this way have a good M?-stability and, for M? < 1.2 GeV?, show
no significant dependence on s4. Numerically, they practically coincide with the results obtained
from the sum rule (8.4) for sp = 0.7 GeV?2.

In Fig.11, we present a curve for Q%F.,,«.0(Q?)/4x f, calculated from eq.(8.4) for so = 0.7 GeV?
and M? = 0.8GeV?2. It is rather close to the curve corresponding to the Brodsky-Lepage interpo-
lation formula 7 fr F,pene (@2) = 1/(1 + Q%/472 f2) and to that based on the p-pole approximation
T F(@Q?) = 1/(1 + Q*/m2). 1t should be noted, however, that the closeness of our results to the
p-pole behaviour in the Q*-channel has nothing to do with the explicit use of the p-contributions
in our models for the correlators in the g%-channel: the Q%-dependence of the p-pole type emerges
due to the fact that the pion duality interval so = 0.7 GeV? is numerically close to m2 x 0.6 GeV2.

a?
— RQ’)
41:1" ______
0.8 :_; —_—
";’
0.6 ’/
6.4 /

2 4 [ 8 10

Q?  (GeV?)

Figure 11: Combination Q?F. .« (Q?)/4% fr as calculated from the QCD sum rule (solid line),
p-pole model (dashed line) and Brodsky-Lepage interpolation (dash-dotted line).

For Q% < 3GeV?, our curve goes slightly above those based on the p-pole dominance and
BL-interpolation (which are close to the data [8]). This overshooting is a consequence of our
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assumption that Q2 can be treated as a large variable: in some terms, 1 /@Q? serves as an expan-
sion parameter. Such an approximation for these terms is invalid for small Q? and appreciably
overestimates them for @* ~ 1 GeV? producing enlarged values for Foero (Q?).

In the region @* > 3GeV?, our curve for Q*F,,+,(Q?) is practically constant, supporting
the pQCD expectation (2.19). The absolute magnitude of our prediction gives I =~ 2.4 for the .
I-integral. Of course, this value has some uncertainty: it will drift if we change our models for
the photon distribution amplitudes (bilocals). The strongest sensitivity is to the choice of e (y)
in the tensor contribution (6.55). However, even rather drastic changes in the form of o7 (y)
do not increase our result for / by more than 20%. The basic reason for this stability is that
the potentially large 1/¢* factor from the relevant contribution in the original sum rule (3.11) is
substituted in (2.7) by a rather small (and non-adjustible) factor 1/m?2.

Comparing the value I = 2.4 with I** = 3 and I°Z = 5, we conclude that our result favours a
pion distribution amplitude which is narrower than the asymptotic form. Parametrizing the width
of () by a simple model p,(z) ~ [z(1 — z)]", we get that I = 2.4 corresponds to n = 2.5, The
second moment (£?) (¢ is the relative fraction £ = z — %) for such a function is 0.125. This low
value (recall that (£2)** = 0.2 while {¢£2)°Z = 0.43) agrees, however, with the lattice calculation
[44] and also with the recent result {45] obtained from the analysis of a non-diagonal correlator.

9 Conclusions

Thus, the QCD sum rules support the expectation that the @*-dependence of the transition form
factor F.y-n0(Q?) is rather close to a simple interpolation between the Q2 = 0 value (fixed by the
ABJ anomaly) and the large-Q? pQCD behaviour F(Q?) ~ @~2. Moreover, the QCD sum rule
approach enables us to calculate the absolute normalization of the =2 term. The value produced
by the QCD sum rule is close to that corresponding to the asymptotic form ¢2*(z) = 6 f,2(1 — z)
of the pion distribution amplitude. Our curve for F,,.0(Q?) is also in satisfactory agreement
with the CELLO data [8] and in good agreement with preliminary high-Q? results from CLEO [9].
Hence, there is a very solid evidence, both theoretical and experimental, that o, (z) is a rather
narrow function.
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Appendix

A Alpha-representation and asymptotic behaviour of
the three-point function

To study the asymptotic behaviour of the perturbative amplitudes in the limit when some mo-
mentum invariants are large, one can use different types of integral representations for the relevant
diagrams. For the purposes of a general analysis, one of the most effective approaches is that using
the the “alpha-representation” for the relevant Feynman integral. To get the alpha-representation,
one should write the denominator of each propagator of the Feynman diagram as

Tk —ie i,z e i/om exp{a, (k] — m2 + ie)}da, (A.1)

where o numerates the lines of the diagram, and then take the resulting Gaussian integration over
all the virtual momenta k,. As a result, for each diagram contributing to T'(q1,¢2) (see Fig.7)
one gets the expression having the following structure:

b)

ﬁ T(q1,92) = (Z(r_(;."’j/l‘ /:o 1;[ da, D™%*(a)

G(a, q1,g2;m, ) exp {z'p2 1:)0((2)) + ig? ‘11;((:)) + ig? ;192((;)) - iza:a,(m?, — ze)} (A.2)

where d is the space-time dimension, P{c.c.) is the relevant product of the coupling constants,
z is the number of loops of the diagram; D,Q,G are functions of the a-parameters uniquely
determined by the structure of the diagram. In particular, D(a) is a sum of products of the a-
parameters, each term in the sum containing z a-factors. In our case, all the functions A;(a) are
also the sums of products of the a-parameters, with » + 1 a-parameters in each product. Hence,
D(e} and all Ai(a) are positive for positive a’s. The preexponential factor G(a, q1,¢2;m,) is a
polynomial in a’s, p?, ¢ and ¢2.

In the region where one of the momentum variables p? is large, all the contributions having
a power-type behaviour on that variable can only come from the integration region where the
relevant A;/D factor vanishes: if A;/D is larger than some constant p in the region of integration,
the resulting contribution is ~ exp(p?p), i.c., it is exponentially suppressed.

When all A;’s are non-negative, there are two basic possibilities to arrange A;/D = 0. In
the first case, called the “short-distance regime”, A, vanishes faster than D when some of the
a-parameters tend to zero (small o correspond to large virtualities &2, t.e., to short distances).
The second possibility, called the “infrared regime”, occurs if D goes to infinity faster than A,
when some of the a-parameters tend to infinity (large a correspond to small momenta &, i.e.
to the infrared limit). One can also imagine a combined regime, when Ai/D = 0 because some
«a-parameters vanish and some are infinite.
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In fact, there exists a simple rule using which one can easily find the lines ¢ whose a-parameters
must be set to zero and whose must be taken infinite to assure that A;/D = 0. First, one should
realize that A;/D = 0 means that the corresponding diagram of a scalar theory (in which G = 1)
has no dependence on the momentum invariant p?. As the second step, one should incorporate the
well-known analogy between the Feynman diagrams and electrical circuits [46]: the a,-parameters
may be interpreted as the resistances of the corresponding lines 0. In other words, a, = 0
corresponds to the short-circuiting the line o while &, = 0o corresponds to its removal from the
diagram. Hence, the problem is to find the sets of lines {¢}sp, {o}r whose contraction into
point (for {o}sp) or removal from the diagram (for {o};r) produces the diagram which, in a
scalar theory, does not depend on p?.

Thus, the rule determining possible topological types of the short-distance factorizable contri-
butions is the following: if the part of the diagram corresponding to a short-distance subprocess
is contracted into point, the resulting effective diagram should have no dependence on the large
momentum invariants.

The simplest situation is when the short-distance patt coincides with the whole diagram. This
configurion is allowed for any relation between ¢f, ¢7 and p?. In this case, all the currents J,{X),
J.(0) and j3(Y') (see Fig.7) are close to each other, i.e., all the intervals X2, Y2 (X — Y)? are
small. However, if, say, the variable ¢f is small, the dependence on large variables ¢2 and p? can be
eliminated by contracting into point a subgraph containing the vertices corresponding to momenta
g2 and p. In this situation, the interval Y2 is small while X? and (X ~ Y)? are large. Such a
conﬁ;guration is sensitive to the long-distance effects in the ¢;-channel. They can be described
by introducing distribution amplitudes for the ¢;-photon. Finally, another interesting situation
is when both the photon virtualities are much larger than p?. Then there exists a short-distance
subprocess which includes only the photon vertices: the interval X? is small, while Y2 and (X —Y)?
may be large. In this case, there are long-distance effects in the axial current channel, which are
usually described/parameterized by the pion distribution amplitude.

B Calculation of some useful momentum integrals

We shall calculate our integrals using dimensional regularization. The basic, well-known, integral
reads:

i(=1)"-L y* =P T(r + D/2) (L — r — D/2)

D A _

ML) = [ 4% [p2+S]L (407 T(I) T(DJ2) (=5)L-DF (B-1)

where D =4 — 2? ‘and dPp P = dPp/(27)P. 1t is more convenient to define the integral:
— 11 mor_L(D/2)

R(L,r) = I{L,r)2 CENIP) (B.2)

The integrals of interest are of the form:
D - py) {1 vapppoa a—1zp- 1 a+ﬁ D+ (PY)" {1, Pos PoPo, - - -}
jd R f drz fd PO EaT (B.3)
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where L = a + 3,4 = qz,8 = ¢*z%,T = 1 — z. Omitting for a moment the integration over r we
are left with:

D py {1p,ppa, 2
(L), Jo(Ly ), Tpo( L), } = [ dPp T (B.4)
After a shift of the integration variable we expand in a standard way:
(p+d.y)" = (§9)" + Ca(d.9)" " (py) + Ca(d9)"*(py)" + (B.5)

where C™ = n!/m!(n — m)! are the binomial coefficients. Now the integration over d”p is straight-
forward and we obtain up to terms ~ y*:

J(L,n) = (§.9)"R(L,0) + Co(34)"*y* R(L, 1) + O(y"), (B.6)

J(Lyn) = & {(@y)"R(L,0) + CAdy)" "y R(L,1) + O(y*)} +
+ 3, {CH@¥)" T R(L,1) + C3(3.9)"°3y* R(L,2) + O(y")}, (B.7)

Jo(L,n) = G, {(@9)"R(L,0) + C2(3.9)" % R(L,1) + O(*) } +
(G0 + Go¥,) {Ca(@y) " R(L,1) + C2(d.9)" 35" R(L,2) + O(y*) } +
9o (§4)" R(L, 1) + C2(§4)" 2 R(L, 2) {20590 + 999"} +

CAGy)"*R(L,3) {129,9,4* + O(*)} (B.8)

+ + +

C Equations of motion and p-meson wave functions

Here we demonstrate how one can use equations of motion to obtain relations between the moments
of the p-meson wave functions of dlfferent twist. A similar analysis was done in refs. [39] and [47].
Consider the identity:

(018a(0) GV — mlg, ,(2)]e) = 0, c.1)
where Vg, = (9, + g.A(2))ga. Applying the Fiertz transformation we rewrite (C.1) as

(iV = m)ga S(2) + [V —m) 3], P(2) + [GV = m) ] | Vi(e)-

(69 = m) was], Aute) + 5

To obtain a relation between wave functions, one should substitute in (C.2) the expressions for
the bilocal matrix elements like (6.8),(6.9),(6.38)(6.39),(6.53), differentiate with respect to z and

put z* = 0. By contraction with [0,,]4g, We extract a combination of the V-, A- and T-projections.
There are three independent tensor structures

[V — m) 0,] 5o Tus(2) =0. (C.2)

2u€p — ZpEu, (EZ) (zupp — 2,Pu)s Pu€p — Polu
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and, as a result, we get three systems of equations:

1
fimy e, = fhmd [ dBAn( [eoB 4z, +
_ w3 i |
+ 2f,;40A5n (z" I)As — —2Cys f:mp (x )Vs + E.f:zs (z )Vz.s? (C.3)
1
J3Cas (e 45 = avi £y m, Cras (2™)yq5 + §f:25 (& Ny ass (C.4)

(”""2)f.;4L (s = _f:mp (z™*1)y — avy frmp o
~ £ [ dB8n(losh + 2"y

£, [ d8Bnss+ 2 Ny +Amo ST @) (CH)

Eq.(C.5) was derived also in [39], but the constant ay, was missed there. In the chiral limit,
we can neglect the last term in (C.5). Taking the infinite limit for the renormalization parameter,
#* — oo, we obtain the equation relating the moments of the asymptotic twist-3 wave functions:

(R +2) (=" = = fm, (2™)y = avi £ m, (3", (C.6)

Taking into account the normalization conditions (6.10), we conclude that there exists the only
solution:

oy = 3(1 — 2xZ), @) = 602F (22 — 1), % = 62% (C.7)

2
with fv |
g

BB ek

Note, that ¢{’, 9%, given by eqs. (C.7) and (C.8), obey the condition that for a longitudinally

polarized p°-meson (i.e., when €]=° > ip,/m, + O(m,/p.),as p, — 00), the leading-twist part

in €q.(6.8) provides the well known asymptotic twist-2 vector wave function (cf. eq.(6.4)). The

value of f# was also calculated in the SR method [41], and the result is in a good agreement with

that dictated by equations of motion.

Substituting eq.(A.8) into eq.(C.6), we get
(n+2)

n _ n+l 1 n
'_4”"(:” Ya = (") + 1‘6(3 Yvi- (C.9}

(C.8)

D  Some properties of traceless combinations

To construct the orthogonal projection operators P(») onto the subspace of traceless symmetric
Lorentz tensors of rank n, we use the techniques similar to those in [42]. Here we list some useful
formulas concerning these projectors as well as some contractions that appear in the paper.
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By definition, for an arbitrary Lorentz tensor T we have [42]:

B1.--Bn .
[P T]™ " = Paytizim T2, (D.1)
It is straightforward to derive the formula
(P( )T)ﬂl---#n = _]; i T"l-.-[““]'--ﬂﬂ”l —_ Z: g#tf‘J TF‘.I i) [."‘J] .unaa (D2)
" n & n2 ot

where 7'“1-#"-1 is now traceless and symmetric in its first n — 1 indices and [g;] means that the
corresponding index is absent. Choosing T{"1-#n-1}e = g fgt1 | g¥m=11 we have:

I & . ‘
{s¥1gt? ... ¢} = ;Z s* (g .. la"].- g} -
i=1
1 & .
~ = 2 g s {ept el [al). gt (D.3)
LT

Making use of the Nachtmann’s [48] contraction

2 2 n/2
o gl }n—( 4) CWi(n) (D.4)

and dome recursion relations for the Gegenbauer polynomials CV(n) [49], one can derive the
formula:

1
Z# hne 1{qa #1_ .q;‘n-—l} — ; z"'” .zl‘n{qt‘l...q{‘n}z
1

= [ (—2CPm) + ¢ )|, (D5)

where n = i (q12)/\/—22¢fT = —iy/—23¢}/2.

Using (D.3) - (D.5), one gets for an arbitrary 4-vector s:

ny = (28) a0 q13)
22 {sMgl? .l ) = ~=T Lo (p) - ( ”

m]*{,
3
1
~N
1}
i
[ =]
—
s
———
)
=)
p—

E Contact ternis

Here we derive eq.(7.11). Before considering the relevant contraction, let us note that, incorpo-

rating the relation

9*2? (n 2)
4

and neglecting higher twist contributions, one can substltute the original correlator (7.6) by

{20}" = (20){20}""" -

{z0}"2, (E.1)

Hu{#1---#n}(91) = Hum{n:---un}(ql) oo (E?)
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As a result,

Hu{m---un}(‘i'l) Gupy = Hw{uz---#n}(QI)
= [ dze=® O {J,(x) (0)3, By ... 5y }u(0)}0)

= %/dme-imr 0|7 {J.(z) 1:4(0)&;3%{5,‘2 <+ - By Ju(0)}]0) (E.3)
_% [ dzem = (OIT () 4(0)1{ By . - B }5U(0)}0) (E.4)
—51e [ dze™% (OIT{J,(2) 20} {Bsm - - Don Ju(0)}0), (E.5)

where we have made use of the identity:
[ deeine [<0|T{J#(w)ﬁ(O)Eefu(O)}lm + (01T {J(2) #(0)[ 3. u(0)}|0)| =
— f dze= % (0T {J,(z) &(0)['w(0)}|0). (E.6)
Applying (7.3) to (E.3) and (E.4), and integrating by parts in (E.3) we get
(C3) = =2(~)"" {qups - - q1pn} (@0). (E.7)
Now, taking into account that (()I?I:(O){:::i_,,2 E#H}U(O)}IO) = 0 for all n, we obtain:

(BA4)=0. (E.8)
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